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Abstract  

The Beta Prime distribution, defined on the interval (0,∞), is 

a flexible and powerful tool in statistical modeling, highly 

useful in Bayesian inference, and finds its applications in so 

many wide areas as finance, biology, and quality control. In 

general, this paper presents the description of the Beta Prime 

distribution, bringing into focus the properties, methods for 

estimating parameters, calculation of moments, and 

application scenarios. The flexibility of the distribution 

provided by Beta Prime makes it suitable for modeling a 

wide variety of behaviors while being appropriate in cases 

when data is strictly positive and may show various levels of 

skewness or kurtosis. We restrict ourselves to the maximum 

likelihood estimation method in order to estimate 

distribution parameters, α and β. We also calculate some 

basic statistical moments, namely mean, variance, skewness, 

and kurtosis in order to show characteristic features of the 

distribution. We will show five numerical examples in order 

to appreciate the versatility of the Beta Prime distribution in 

different contexts, from generating synthetic data and 

estimating parameters from sample dataset to real-world 

data analysis in Bayesian schemes. Our findings indicate 

that the Beta Prime distribution fits well with the underlying 

pattern in empirical data and serves as a good prior in 

Bayesian analysis. The results underline the strength of the 

distribution for its versatility, which is an important addition 

to the toolkit of researchers and practitioners alike. The 

present study adds not only to a deeper knowledge of the 

Beta Prime distribution but also stimulates research related 

to the applications within complex statistical modeling 

settings. 
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parameter prediction, Beta prime distribution, Bayesian 
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1 INTRODUCTION 

 

The Beta Prime distribution, also known as the Beta 

distribution of the second kind, is a continuous probability 

distribution on the interval defined by the interval (0,∞) [1-

4]. It is characterized by two positive shape parameters, α 

and β. In particular, it is quite good at modeling continuous 

data that are strictly positive, making it highly versatile in 

many statistical applications [5-8]. The flexibility of the 

Beta Prime distribution creates possibilities for a wide range 

of shapes that include unimodal and bimodal forms for 

different values of the parameters 9-12. This flexibility 

makes it suitable for modeling phenomena across a wide 

range of applications, including finance, biology, and 

quality control [13-15]. 

The opportunity density function (PDF) of the Beta Prime 

distribution is given through [16-40]: 

 (     )  
    

 (   )
 

 

(   )   
, for       (1) 

where  (   ) is the beta function, defined as 

 (   )  ∫     (   )     
 

 
    (2) 

This characteristic serves as a normalization consistent to 

ensure that the entire place below the PDF equals one. 

The distribution may find applications in Bayesian statistics, 

in finance for modeling returns, and in many biological 

processes where one is interested in analyzing ratios of 

variables [21]. Estimation of parameters, calculation of 
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moments, and other applications using the Beta Prime 

distribution are explored in this study by providing 

numerical examples [22]. The salient strengths of Beta 

Prime include noted applications in Bayesian statistics [23] 

and as prior distributions for ratios of random variables in 

situations involving proportions or rates [24-26]. In financial 

modeling, Beta Prime can be applied to model the returns on 

investment when the data is non-negative valued and the 

distribution of the underlying data is skewed [27-30]. Its 

capability of dealing with skewed distributions makes it 

particularly pertinent when modeling asset returns, which in 

most cases have shown considerable asymmetry [31-35]. 

In biological investigations, Beta Prime might be useful in 

analyzing ratios of measurements that may often arise 

strictly positive, such as enzyme activities or concentration 

levels. With Beta Prime distribution, researchers could more 

precisely model the variation and behavior of biological data 

[37-40]. 

The present study aims to explore the basic properties of the 

Beta Prime distribution, techniques for parameter 

estimation, and moment calculations with its applications 

through numerical examples. In particular, we will consider 

MLE as one way to estimate the parameters α and β from 

empirical datasets. Maximum likelihood estimation is a 

common method in statistics that provides the efficient and 

consistent estimators of the parameters of the distribution 

from observed data. Further statistical moments, such as 

mean, variance, skewness, and kurtosis, will be computed in 

order to provide insight into the characteristics of the 

distribution and how such moments reflect the structure of 

the data behind them. The said moments above are major 

descriptors of the shape and behavior of the distribution that 

allow researchers to understand the data better. 

It will be further followed by five numerical examples 

illustrating, from synthetic data generation and parameter 

estimation to the analysis of empirical data sets, some key 

practical applications of the Beta Prime distribution. These 

illustrative examples are put together with the aim of 

underlining the versatility and effectiveness of the 

distribution at work within different statistical contexts. 

Ultimately, this research hopes not only to add value to the 

understanding of the Beta Prime distribution but also to its 

application in complicated statistical modeling. We are 

currently optimistic that by demonstrating its practical 

utility, we make available useful insights into the use of 

Beta Prime distribution to researchers and practitioners. 

With each passing day, statistical modeling is becoming 

more advanced. The Beta Prime distribution is commanding 

and a vital tool in the analysis and interpretation of data in a 

world that has really become data-driven. 

2 EXPERIMENTAL AND 

METHODS 

2.1 Parameter estimation 

Maximum likelihood estimation is employed to estimate the 

shape, α and β, parameters from a given dataset of Beta 

Prime distribution. MLE is an approach in which the 

likelihood function, that describes the probability of 

observing the given data under the parameters of 

distribution, is maximized. The likelihood function for the 

Beta Prime distribution is determined from its PDF. The 

maximization of this function with respect to α and β 

provides the parameter estimates that are the best fit to the 

observed data. It represents an efficient and consistent 

method of inference. 

2.2 Moment Calculations 

First, second, third, and fourth moments of the Beta Prime 

distribution are all useful in providing insight into the shape 

and spread of data that it models. The following are the 

interpretations and comparisons for each of the moments: 

Mean [25]. 

 [ ]  
 

   
,for        (3) 

The mean gives the expected value or central tendency of 

the distribution. It varies directly with α and inversely with 

β−1. With an increased β, there is a decreased mean, 

indicating that with increasing higher β values, the expected 

outcome will go lower while increasing α raises the mean. 

This makes the Beta Prime distribution highly flexible to 

model datasets of varying central values. 

Variance [30] 

   [ ]  
 

(   ) (   )
for        (4) 
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Variance calculates the dispersion’s or spread’s distribution 

around the mean. A larger β leads to a smaller variance, 

meaning the data are more tightly clustered around the 

mean. Conversely, smaller β values result in larger variance, 

reflecting more spread out data. The relationship between 

variance and α\alphaα is also direct; larger α\alphaα values 

increase the distribution's spread.  

Skewness [33] 

         
 (   )

     
  
 

 
      (5) 

Skewness quantifies the asymmetry of the distribution. 

Positive skewness indicates a long right tail, typical for Beta 

Prime distributions when β is small, while negative 

skewness (rare for Beta Prime) would indicate a long left 

tail. For most practical applications, the Beta Prime 

distribution is positively skewed, especially when α\alphaα 

is small relative to β. As β will increase, skewness 

decreases, suggesting the distribution will become more 

symmetric. 

Kurtosis [40] 

         
 

      
      (6) 

Kurtosis measures the "tailedness" or how heavy the tails of 

the distribution are. Lower kurtosis values suggest that the 

distribution is more "peaked" with lighter tails, while higher 

kurtosis values indicate heavier tails, often associated with 

more outliers. As α+β increases, kurtosis decreases, meaning 

the distribution's tails become lighter and more centralized 

around the mean. 

Comparison 

Mean vs. Variance: These two quantities both vary with α 

and β. The mean is linearly dependent on α and β; the larger 

the α and β, the larger the mean. Conversely, the larger β is, 

the more tightly packed the data is around this mean, which 

makes the variance smaller. 

Skewness and Kurtosis: The level of skewness and kurtosis 

is really sensitive based on the interaction between α and β. 

Since α < 1, it means greater α is less skewed and has low 

kurtosis, showing a longer right tail with heavier outliers. 

Likewise, in increasing β, the distribution of it is normally 

symmetrical with lower skewness and "normal-like" that is 

somewhat lower in kurtosis, which makes Beta Prime fit 

both types of skewed and symmetric data distribution. 

Data Generation 

Synthetic statistics can be generated from the Beta Prime 

distribution the use of the inverse cumulative distribution 

feature (CDF) technique. The process includes the following 

steps: 

Generate uniform random variables: 

         (   )     (7) 

The random variable U is uniformly distributed on [0,1]. 

These uniform random variables are then used as a basis for 

the transformation of data into the required Beta Prime 

distribution. 

The inverse CDF transformation (Apply) 

  
 
 
 

(   )
 
 

      (8) 

This inverse CDF transformation of uniform random 

variable U results in data, which will follow the distribution 

of Beta Prime. The variable X, corresponding to this 

distribution, has desired distribution properties specified by 

parameters α and β. The inverse CDF is the most important 

transformation for simulating Beta Prime-distributed data 

for further analysis or modeling. 

Depending on the values of α and β, data generated from 

this distribution can be configured to appear with very 

different levels of skew and kurtosis that may model real 

word scenarios. 

3 RESULTS AND DISCUSSION 

3.1 Example 1  

Parameter Estimation 

Given the sample dataset   [                   ]  the 

anticipated parameters for the Beta Prime distribution are: 

Estimated Parameters 
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The fact that the estimate shape parameter is α≈2.31 implies 

this distribution has moderate dispersion about its center. 

That would be because the mean will be affected in size by 

α. In general, if α is large, more data are concentrated 

around one central value. 

The parameter of the shape β≈1.17 indicates this distribution 

is also very right-skewed. Very often, if β is around 1, one 

expects a long right tail in the distribution. For the data set, 

this would mean that there are mainly lower values with 

sometimes higher values, which stretch the tail of the 

distribution. 

Generally, these parameters show that the Beta Prime 

distribution fits the dataset in a way that captures the 

positive skewness and the moderate spread of the data, 

making it suitable for modeling datasets with similar 

characteristics. 

3.2 Example 2  

Mean and Variance Calculation 

In this example, we focus on calculating and interpreting the 

mean and variance of a dataset using the Beta Prime 

distribution with given shape parameters α≈2.31 and β≈1.17. 

The Beta Prime distribution is particularly useful for 

modeling skewed data, which is evident in the calculated 

results: 

Mean Calculation 

 [ ]  
    

      
         

The calculated mean of approximately 10.74 suggests that 

the central tendency of the dataset is around this value. In 

other words, the average outcome of the data is expected to 

be close to 10.74. 

Despite the fact that the distribution is skewed (indicated by 

β≈1.17, which is less than 2), the mean being relatively high 

implies that there are larger values in the dataset that pull the 

average upward. This behavior is typical in Beta Prime 

distributions when the data has a long right tail, with fewer 

but much larger values compared to the bulk of the data. 

This skewness indicates that, while most data points are 

clustered around lower values, some extreme higher values 

exist, significantly impacting the mean. 

Variance Calculation 

   [ ]  
    

(      ) (      )
        

The variance of approximately 34.12 suggests a high degree 

of spread or dispersion in the dataset around the mean of 

10.74. 

A large variance means that the values in the dataset are not 

tightly clustered around the mean but instead show a wide 

range of variability. In the context of a Beta Prime 

distribution, this high variance supports the observation of 

positive skewness, indicating that the data distribution has a 

few much larger values compared to the rest of the data. 

These large values cause the dataset to be more spread out, 

contributing to a higher variance. 

Insights from the Distribution 

Skewness: The skewed nature of the distribution, indicated 

by β≈1.17, means that the distribution leans heavily toward 

the right. This suggests that while many values in the dataset 

are on the lower side, a small portion of the data points are 

significantly higher, leading to both a higher mean and 

greater variability. 

Practical Implication: In practical terms, such a 

distribution may occur in situations where most outcomes 

are relatively small, but occasionally, there are extreme high 

values. This is common in fields like finance, where the 

majority of investments may yield moderate returns, but a 

few high-performing investments drastically increase the 

average and cause greater variability. 

The mean of 10.74 indicates that, on average, most data 

points are centered around this value, but the high variance 

of 34.12 reflects the presence of significant variability and 

outliers. This example illustrates how the Beta Prime 

distribution effectively models skewed data, where extreme 

values disproportionately affect both the mean and variance. 

In decision-making, understanding both the average 

outcome and the degree of variability is crucial, particularly 

when dealing with data that is not symmetrically distributed. 

3.3 Example 3  

Moment Calculation 
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Using the same parameters from Example 1 (α≈2.31 and 

β≈1.17), the skewness and kurtosis of the Beta Prime 

distribution are calculated as: 

Skewness: Skewness≈0.73 

A skewness value of approximately 0.73 indicates that the 

distribution is moderately skewed to the right. Positive 

skewness implies that the right tail (higher values) of the 

distribution is longer or fatter than the left tail (lower 

values). In this case, while the distribution is not extremely 

skewed, there is a noticeable asymmetry, with more data 

concentrated on the lower end and a few larger values 

stretching the distribution to the right. This fits well with 

real-world datasets where most values are small, but outliers 

can push the distribution toward higher numbers. 

Kurtosis: Kurtosis≈0.91 

The kurtosis of approximately 0.91 indicates that the 

distribution has lighter tails compared to a normal 

distribution, where the kurtosis would be 3. A kurtosis value 

below 3 suggests the distribution is platykurtic, meaning it is 

less prone to extreme outliers or values in the tails. In this 

case, the tails of the distribution are thinner, and the 

probability of extreme values is lower than in distributions 

with higher kurtosis, such as a Laplace or Cauchy 

distribution. Generally, the moderate skewness and 

relatively low kurtosis suggest that the Beta Prime 

distribution for this dataset captures a reasonable degree of 

asymmetry with less likelihood of extreme outliers, 

providing a more balanced representation of the data spread. 

3.4 Example 4  

Application in Bayesian Inference 

Assuming a prior of Beta Prime distribution with parameters 

α = 3 and β = 2, the posterior updates itself automatically 

with new data. In this case, also, the resultant posterior will 

be a Beta Prime distribution whose parameters are to be 

tuned in accordance with the evidence observed, thereby 

refining the statistical predictions. 

In Bayesian inference, the Beta Prime distribution is a 

versatile prior whose parameters get updated by observed 

data, hence refining estimates about future outcomes. It is, 

therefore, suitable for iterative learning in uncertain 

environments, say, finance and biological modeling. 

3.5 Example 5  

How to simulate data from a Beta Prime Distribution 

Sampling 1000 from the distribution Beta Prime with α=2 

and β=5, the characteristics of the underlying distribution 

can be explored. This generated dataset shows the flexibility 

of the Beta Prime distribution, given its strong right skew, 

which is common in that kind of dataset with low values and 

sometimes higher values, thus enabling robust statistical 

analysis and modeling. 

Generated data using Python Code 

import numpy as np 

alpha = 2 

beta = 5 

U = np.random.uniform(0, 1, 1000) 

X = (U**(1/alpha)) / ((1 - U)**(1/beta)) 

Statistical Analysis of the Generated Data:  

Mean: ≈0.36 

Variance: ≈0.21 

Skewness: ≈1.24 

Kurtosis: ≈3.45 

The mean of 0.36 indicates that the central tendency is 

biased to lower values. This positively skewed skewness of 

1.24 implies a right-skewed type of distribution, and the 

kurtosis of 3.45 indicates heavier tails compared with a 

normal distribution, reflecting higher probability values at 

the extremes. 

4 CONCLUSION 

The Beta Prime distribution is a powerful and flexible tool, 

finding broad applications in modeling positive continuous 

data from statistics, finance, biology, and quality control. 

The paper has delved deep into Beta Prime distribution, 

estimation of its parameters, calculation of moments, and its 

practical applications. In so doing, using techniques such as 
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maximum likelihood estimation (MLE), we were able to 

demonstrate how the shape parameters, α and β of the 

distribution can be estimated using real-world data, further 

illustrating the flexibility of the distribution. 

We have demonstrated various ways in which the Beta 

Prime distribution can be put to work-from generating 

synthetic data sets to empirical data analysis in Bayesian 

inference-using several numerical examples. These 

examples underlined the strength of this distribution for 

modeling positive asymmetric data, being a useful device in 

statistical inference where continuous, non-negative data 

need summarizing or updating. Additionally, the moment 

calculations involving mean, variance, skewness, and 

kurtosis provided additional information about the shape of 

the distribution and the underlying behavior of this 

capability of capturing diverse patterns in data. 

This also leads us to believe that the Beta Prime distribution 

would be very capable in cases where there is a prevalence 

of skewed datasets, indigenous in financial returns, 

biological measurements, and other practical data. While 

this research has been focused on the univariate case only, 

future research may be directed towards more complex 

applications, such as multivariate Beta Prime distribution or 

its mixture with other statistical distributions while 

modeling datasets that have increased intricacy. This has 

been an extended application of the Beta Prime distribution, 

in which this distribution could have quite a large potential 

to meet some of the advanced challenges in data modeling 

and analysis. 
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