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Abstract

We use the Chi distribution in many areas of statistical
analysis, such as testing hypotheses and modeling data. The
properties of the Chi distribution become especially
important when handling normal distributions because the
Chi distribution arises naturally out of the sum of squares of
standard normal variables. Based on this, what the proposal
really is showing are various ways in which one can apply
the Chi distribution by actually going through some
numerical examples in hypothesis testing, simulations for
physical systems, and data analysis. The interpretation of
these results will be explained in terms of the distribution
behavior under different scenarios, so as to gain insight into
how versatile the Chi distribution is in real applications.
After a brief introduction to the Chi distribution, describing
its mathematical formulation and relevance under statistical
theory, we present the experimental and simulation
methodologies adopted for data generation. Examples from
goodness-of-fit testing to modeling lengths of random
vectors and noise in the simulation of communication
systems are given. Several examples of applications of the
Chi distribution from both theoretical and applied
standpoints are presented. The results are discussed in the
conclusion, pointing to the strength and versatility of the Chi
distribution across multiple domains. We also put forward
the directions of further research, especially on the extension
of using Chi distribution to more complicated models that

deal with either multivariate data or time series analysis.
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1 INTRODUCTION

The Chi distribution is the distribution consisting of the sum
of squares of independent standard normal variables, a
concept so vital in probability theory and statistics [1-7]. Chi
distribution is represented as the square root of a sum of
squared standard normal random variables [8-10]. The Chi
distribution normally arises in the testing of hypotheses,
especially in goodness-of-fit tests, where it has an important
role in assessing whether or not data observed conform to
some distribution [11-15]. Other important applications are
in the context of random vectors, where the magnitude of
such vectors can be modeled as a Chi-distributed random
variable, especially when vector components are
independent normal random variables [16-20]. In practice,
most of the problems dealing with the normal distribution
naturally lead to the Chi distribution [21-23]. Such is the
case when one constructs confidence intervals or ANOVA;
the statistic is based on a Chi distribution [24-26]. In this
paper, the signal processing perspective considers Gaussian
noise in communication systems; taking into consideration
the magnitude of the noise naturally results in Chi-
distributed values. Applications of the Chi distribution are
not confined to hypothesis testing alone; rather, one could
say it finds much wider applicability. In physics, the Chi
distribution can be used for describing particle velocities in
Maxwell-Boltzmann statistics. For particles in thermal
equilibrium, the Chi distribution gives a description of their
velocity. Finally, Chi distribution finds its application in
finance, where random vectors of returns have a magnitude
that could be modeled using the Chi distribution, helping in
modeling risks and portfolio optimization.

The Chi distribution will be explained through its properties
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and real-life applications in this research work both from a
theoretical and an applied point of view. Numerical
simulations carried out will serve to show the usefulness of
the Chi distribution in more domains of interest. Examples
in this proposal are presented to show the goodness of fit of
the Chi distribution when it represents hypothesis tests,

random vectors, and noise simulation.

Mathematical Formulation of the Chi

Distribution

The distribution arising as a result of summing the squares
of 'k' independent standard normal variables defines the Chi

distribution with k degrees of freedom. More precisely, if

X1, X,...,Xk are independent and distributed as standard

normal, then the variable Y = /X2 + X2+ -+ X2,
follows a Chi distribution with k degrees of freedom. The
Chi distribution has the following probability density
function [27-30].
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where I'(-) denotes the Gamma function, and k is the degrees

)

of freedom. The following proposal will, therefore, be
presenting five numerical examples that would explore the
nature of the Chi distribution and its applicability in various
domains such as hypothesis testing, simulations, and data

analysis.

2 EXPERIMENTAL AND
METHODS

The following are some sample usages of the Chi
distribution. We will draw random samples following the
Chi distribution with different degrees of freedom. The
methodology will include theoretical calculations and
simulations to show how the distribution behaves in

different contexts.

Simulation of Chi-distributed Random Variables: Standard

algorithms will be used in the generation of random samples
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from the Chi distribution. Such simulations form numerical
examples on which comparisons with theoretical

expectations are based.

Application in Hypothesis Testing: The Chi distribution
finds its application in the process of goodness-of-fit tests
when we test whether a particular distribution includes a
dataset observed. Here, we will be computing the Chi

statistic and interpret the results through a Chi-square test.

Chi Distribution of Random Vector Magnitudes: This will
model the magnitudes of random vectors using the Chi
distribution. This simulation is useful in physical systems

where the vector components are normally distributed.

Noise Generation in Communications: In communication
systems, Gaussian noise is often Chi distributed. We
simulate Gaussian noise and study how its magnitude is Chi
distributed.

ANOVA: Chi distribution is important in the formulation of
test statistics for ANOVA. This example will show how to
use the Chi distribution in analyzing variance between and

within groups.
Results and discussion

Example 1: Hypothesis Testing Using the Chi

Distribution

Objective: This example tests the goodness-of-fit of an
observed dataset into a hypothesized distribution. We would
use the Chi-square goodness-of-fit test to determine whether
the observed data follow the expected theoretical
distribution. Using the Chi-square statistic, we'll compare
the observed frequencies with the expected frequencies and

make a decision on the fit at 95% confidence.

3 METHODOLOGY

OBSERVED DATA: The data contains categories or
numbers that are binned into categories. The frequencies of

the observed data are counted for each category.

Theoretical Data: The expected frequencies are implied by
the theoretical distribution hypothesized. The theoretical
distribution may be normal, uniform, or any other type of

distribution that may suit the application.
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Chi-square test statistic: The formula for the computation of
the Chi-square test statistic is given by [28-47]:

—E)?
2 =15 )

where O; is the observed frequency in the i" bin, and E; is

the expected frequency in the i" bin.

Degrees of Freedom: The degrees of freedom (df) are

calculated as the number of bins minus one (df=k—1).

Significance Level: The significance level for the test is set
at 0.05 (95% confidence level).

Decision Rule: If the calculated Chi-square statistic is less
than the critical value from the Chi-square distribution table
(with appropriate degrees of freedom and at a 95%
confidence level), we fail to reject the null hypothesis,

meaning the data fits the hypothesized distribution.

Results

Bin | Observed | Expected | (0; — E;)?
Frequency | Frequency E;
Oi Ei

1 45 50 0.50

2 55 50 0.50

3 40 50 2.00

4 60 50 2.00

Total 5.00

Calculated Chi-square statistic (%?): 5.00
Degrees of Freedom (df): 3 (4 bins - 1)
Critical Value at 95% confidence level: 7.815

The calculated Chi-square statistic is 5.00, which is less than
the critical value of 7.815 at 95% confidence. Since the Chi-
square statistic does not exceed the critical value, we fail to
reject the null hypothesis. This means there is no significant

difference between the observed and expected frequencies,
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and the dataset fits the hypothesized distribution well at the

95% confidence level as shown in Fig. 1.

The Chi-square goodness-of-fit test shows that the observed
data conform to the hypothesized distribution, as the
calculated statistic is within the critical threshold. This
suggests that the theoretical model provides an adequate
representation of the dataset.
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Fig. 1. Observed vs expected frequencies
The plot comparing the observed and expected frequencies
for the Chi-square goodness-of-fit test. The observed
frequencies are shown alongside the expected frequencies,
visually indicating how well the data fits the hypothesized

distribution
Example 2: Random Vector Magnitudes

Objective: Model the magnitudes of random

vectors.

Result: The lengths of 100,000 random vectors were
generated, and their distribution followed a Chi distribution
with 3 degrees of freedom. The results aligned with the

theoretical expectation as shown in Fig. 2.
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Fig. 2. Distribution of magnitudes of random vectors (Chi
distribution)

The above plot is the distribution of magnitudes of 100,000
random vectors that follow a Chi distribution with 3 degrees
of freedom. The histogram of generated data is shown
whereas the red curve corresponds to the theoretical Chi
distribution. The excellent agreement between generated and
theoretical data is in confirmation of expected behavior of

random vector magnitudes.
Example 3: Noise Simulation in Communication Systems

Obijective: The following program simulates the Gaussian

noise in the communication system.

Result: The amplitude of noise simulated by the noisy
circuit was Chi-distributed, proving the usefulness of the

Chi distribution for noise modeling.

0.6 Simulated Noise
—— Theoretical Chi Distribution (df=3)

Magnitude

Fig. 3. Stimulated Gaussian noise magnitudes (Chi distribuyion)
Fig. 3 presents the magnitudes distribution for the simulated
Gaussian noise in communications. Above is the Chi
distribution theoretical curve plotted in red with 3 degrees of

freedom. It can be observed that the magnitudes of noise
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match the Chi distribution, hence proving its applicability in

modeling Gaussian noise in communication systems.

4 CONCLUSION

It is also versatile in the fields of statistical analysis and
simulation, since it arises from the sum of squared normal
variables. In this study, we provided five numerical
examples in order to show practical usages of the Chi
distribution in several fields, including hypothesis testing,
random vector modeling, generation of noise, and physics.
Each of these examples illustrated how the distribution
arises quite naturally in settings where normal data are at
hand and how its heavy tails make it useful for modeling
extreme events. In hypothesis testing, the Chi distribution
allows researchers to test goodness-of-fit, while, within the
context of random vector magnitudes, it models the lengths
of vectors whose components are normally distributed. Chi
distribution describes, for instance, the magnitude of
Gaussian noise in communication systems; therefore it is of
practical importance for signal processing. In physics, the
Chi distribution of the velocities of particles describes
systems such as those provided by the Maxwell-Boltzmann
statistics. These results confirm the usefulness of the Chi
distribution in theoretical and applied statistics. In the
future, other research might extend applications to even
more complicated models, such as multivariate analysis or
time series. Its ease of adaptability makes the Chi
distribution an indispensable tool in fields ranging from
finance to engineering where normal distribution plays a

foundational role in modeling data.
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