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Abstract

This study investigates the application of Doob’s Theorem
and its distribution properties in analyzing stochastic
processes, particularly focusing on reliability and
performance evaluation within complex systems. Doob's
Theorem is pivotal in conditional expectation and
martingale transformations, offering valuable insights into
processes with underlying randomness and time-
dependency, making it highly applicable in fields like
finance, operations research, and engineering. By employing
Doob’s decomposition of a stochastic process into a
martingale and predictable component, we demonstrate how
to effectively model various system dynamics, capturing
both systematic trends and unpredictable fluctuations.
Through analytical and numerical examples, we illustrate
how Doob’s theorem can be used to monitor system
performance, model reliability degradation, and predict

operational risk in uncertain environments.

The experimental approach leverages Doob’s decomposition
to dissect stochastic data from real-world systems and
interpret outcomes using a Doob’s Theorem-based
distributional framework. Results reveal the effectiveness of
Doob’s Theorem in representing system behavior under
randomness, allowing us to model potential reliability issues
and performance drifts. Five examples are provided,
demonstrating applications in queuing systems, stock price
prediction, equipment reliability, environmental pollutant
spread, and demand forecasting. Each case highlights the
theorem’s relevance in creating robust predictive models
under uncertainty. Ultimately, this study showcases Doob’s
Theorem as a potent tool for enhancing decision-making in

stochastic environments.
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Evaluation.

1 INTRODUCTION

Stochastic processes play an essential role in modeling
systems where uncertainty and variability are inherent [1-5].
From finance to manufacturing, the ability to predict and
monitor the behavior of a system under randomness can be
critical to optimizing performance and maintaining
reliability [6-11]. A stochastic process, however, must often
account for both predictable patterns and random
fluctuations [12, 13]. Doob’s Theorem, a cornerstone in
stochastic analysis, enables the decomposition of such
processes into martingale and predictable parts, thus
providing a powerful framework for capturing both

systematic and random elements [14-17].

Doob’s Theorem specifically provides insight into the
conditional expectations and the nature of martingales,
which are processes where future values are conditional only
on present information [18-22]. This is particularly valuable
for stochastic processes that display fair behavior over time,
or no overall drift in expectation [23-25]. In practical
applications, Doob's Theorem has been widely adopted for
filtering noise, trend analysis, and forecasting in settings
where historical data alone cannot fully capture future

events due to inherent randomness [26-30].

One of the key strengths of Doob’s Theorem lies in its
decomposition theorem, which allows any adapted process
to be expressed as the sum of a martingale and a predictable
[31-34]. This

theoretically appealing but also practically useful, especially

process decomposition is not only
when designing systems that must perform reliably despite
uncertainty [35-40]. For example, in financial markets,
Doob's decomposition can help isolate the expected fair
trend in stock prices from random market fluctuations [41-
45]. In industrial settings, it can help identify systematic
trends in equipment degradation while separating out noise

due to random external factors [46-51].
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The distribution derived from Doob's Theorem thus has far-
When

engineering, the distribution can model the times between

reaching applications. applied to reliability
failures or the degradation rate of components under

unpredictable  operational conditions. In  predictive
maintenance, for example, understanding the predictable
components of wear and tear allows for timely intervention
and reduces the risk of unexpected breakdowns. In
environmental studies, the theorem assists in forecasting
pollutant diffusion patterns by separating natural dispersion

from random fluctuations.

This research aims to explore the distributional properties of
processes under Doob’s Theorem in various contexts,
illustrating its utility in predicting system performance and
reliability. By applying Doob's decomposition theorem to
real-world data, we will demonstrate how to capture the
systematic and random elements of different systems

through five applied numerical examples.

2 EXPERIMENTAL AND
METHODS

A. Modeling Framework

e Develop the basic stochastic process model and apply
Doob's decomposition to extract the martingale (random)

and predictable components.

o Ultilize data from systems such as reliability engineering
(time-to-failure), stock price movement, queuing theory,

environmental pollutant spread, and demand forecasting.
B. Process Simulation

e Use Monte Carlo simulations to generate stochastic data

based on the defined process model.

e Apply Doob’s decomposition to these datasets to

separate the predictable component from randomness.
C. Parameter Estimation

o Implement conditional expectation calculations
based on observed data, isolating the effects of both

martingale and predictable parts.

e Fit the Doob’s theorem-based model to

assess the validity and accuracy in each application.
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D. Software and Tools

. Use Python for stochastic modeling, employing
libraries like NumPy and SciPy for statistical functions, and

Matplotlib for visualization.

Develop custom scripts to handle the specific computations

required for Doob’s decomposition.

3 RESULTS AND DISCUSSION:
NUMERICAL EXAMPLES

3.1 Example 1: Stock Price Prediction
A. Objective

In this example, we use Doob’s Theorem to analyze stock
price data, separating systematic trends from random market
fluctuations. The goal is to apply Doob’s decomposition to
model and predict the “fair” stock price trend, identifying
the underlying predictable component and isolating the
random, martingale component. This method is useful for
understanding the long-term growth or decline in a stock’s
price while accounting for day-to-day volatility, making it

relevant for both investors and financial analysts.
B. Methodology

1. Data Selection: We use daily stock price data for a

selected stock over a defined period.
2. Decomposition Process

. Calculate the conditional expectation based on the

stock’s historical data.

. Decompose the stock price process into two
components:
= Predictable Component: Represents the fair price

movement or trend over time, reflecting the systematic

growth or decline.

" Martingale (Random) Component: Represents
random fluctuations due to market volatility, news events, or

other unpredictable factors.
C. Visualization

o Plot the original stock price series.
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Price

. Overlay the predictable component to highlight the

“fair” price trend.

. Plot the martingale component separately to

illustrate the random noise.

. Analyze the isolated trend for potential investment
insights.
) Interpret the martingale component to understand

the stock’s volatility.
D. Results for example 1

We conducted this decomposition and obtained two primary

graphs:

1. Plot 1: Original Stock Price vs. Predictable
Component

. The original stock price shows fluctuations around

the predictable component.

. The predictable component curve follows a
smoother trend, showing the long-term price movement

without the influence of short-term volatility.

Stock Price Predictable
Component: This plot displays the original simulated stock

Figure 1: Original Vs,
price data (in blue) along with the predictable component or
"fair price" trend (in orange dashed line). The predictable
component captures the systematic upward trend in the
stock price over time, while the original stock price

fluctuates around it due to random noise.
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Figure 1: Original Stock Price vs. Predictable Component
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This figure shows the original stock price data (blue) with
the predictable component (orange dashed line) overlaid,
representing the 'fair price' trend derived through Doob’s
Theorem. The predictable component reflects the stock’s
systematic upward movement, while the original price

fluctuates due to daily market variations.

2. Plot 2: Martingale Component (Random
Fluctuations)
o The martingale component fluctuates around zero,

representing the day-to-day volatility that is unpredictable

based on past prices.

o This component helps investors understand periods

of higher or lower volatility in the stock’s price.

Figure  2: Martingale  Component  (Random
Fluctuations): This plot shows the martingale component,
representing the random fluctuations around the predictable
trend. These deviations fluctuate around zero, illustrating the
day-to-day market noise that is independent of the

underlying price trend.

Martingale Component: Random Fluctuations Around the Predictable Component

—— Martingale Component (Random Fluctuations)

Deviation from Predictable Component

0 25 50 75 100 125 150 175 200
Days

Figure 2: Martingale Component (Random Fluctuations)

This figure illustrates the martingale component, which
captures the random fluctuations around the predictable

trend. The component fluctuates around zero, indicating the

unpredictable day-to-day market noise that causes
deviations from the systematic price trend.

= Predictable Component Insights

. The predictable component shows a steady upward

trend, suggesting a long-term positive growth in stock price.

. This trend, independent of random market noise,
may indicate favorable company fundamentals or market

conditions, providing confidence to long-term investors.
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= Martingale Component Insights

. The random fluctuations highlight periods of high
volatility, which may be linked to specific news events or

market-wide disruptions.

. Analyzing the magnitude and frequency of these
fluctuations can help traders and analysts gauge the stock’s

risk profile.
= Overall Significance

. By using Doob’s Theorem to decompose the stock
price, investors can focus on the predictable component for
long-term investment decisions while recognizing that short-

term trades are subject to high unpredictability.

. This decomposition enables more strategic
decision-making, where investors use the “fair” price trend
as a baseline, adjusting their portfolios based on their risk

tolerance regarding the random fluctuations.

This example demonstrates Doob’s Theorem’s power in
financial analysis, providing a deeper understanding of stock
price dynamics by distinguishing trend from noise. This can
support portfolio management and risk assessment,
highlighting the importance of both long-term trends and

short-term volatility in investment decisions.

3.2 Example 2: Equipment Reliability
Modeling

. Plot: Models time-to-failure distribution, identifying

systematic degradation patterns.
(A) Objective

In this example, we use Doob’s Theorem to model

equipment reliability, specifically the time-to-failure

distribution of machinery. This approach separates
predictable degradation trends from random failure events,
which helps identify when equipment is likely to fail due to
systematic degradation versus unpredictable factors. By
decomposing time-to-failure data, maintenance teams can
make more informed decisions, planning interventions based
on predictable wear patterns while acknowledging the

possibility of random breakdowns.
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(B) Methodology
1. Data Collection

. We simulate a dataset that represents time-to-
failure intervals for a given type of equipment, including
both systematic degradation (caused by consistent wear and

tear) and random failures (due to unforeseen issues).

2. Decomposition Using Doob’s Theorem

We apply Doob's decomposition to separate two
components:
. Predictable = Component:  Represents  the

systematic wear and degradation pattern over time, based on

a gradual increase in failure probability.

" Martingale (Random) Component: Represents
unpredictable, random failure events due to factors like

sudden malfunctions.
3. Analysis and Visualization

o We plot the original time-to-failure data against the

predictable degradation trend.

. The

separately to show random deviations from the predictable

martingale component is also plotted

pattern.
© Results for example 2
Two main plots were generated based on this analysis:

1. Plot 1: Time-to-Failure Data vs. Predictable

Degradation Component

. The predictable component indicates a gradual
increase in the likelihood of failure over time, showing an

upward trend as the equipment experiences wear.

. Time-to-failure intervals are generally longer at the
start and gradually shorten, reflecting this increase in

degradation rate.

2. Plot 2: Martingale Component (Random Failure

Events)
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. The martingale component fluctuates around zero,

capturing random deviations from the predictable

degradation trend.

. This component highlights failure events that don’t
follow the systematic pattern, helping to identify which
failures were due to sudden malfunctions rather than normal

wear.
(@) Predictable Component Insights:

. The predictable component shows that as time
progresses, the time-to-failure intervals decrease, indicating

systematic degradation and an increased risk of failure.

) This trend helps maintenance teams anticipate the

general timing for necessary interventions to extend

equipment life.
(b) Martingale Component Insights:

. Random deviations in the martingale component
reveal sporadic failures that don’t align with predictable

degradation, such as unexpected malfunctions.

. Recognizing these events as non-systematic helps
teams differentiate between routine maintenance needs and

urgent repair situations.
(© Overall Significance:

. By using Doob’s Theorem, maintenance teams gain
valuable insights into equipment reliability, identifying

when failures are more likely due to predictable wear.

o This decomposition enables proactive maintenance

scheduling and minimizes downtime by addressing
degradation trends while remaining prepared for random

breakdowns.

This approach provides a more nuanced view of equipment
reliability, guiding maintenance planning and enabling a
more effective approach to resource allocation based on the

nature of expected failures.
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Figure 3: Time-to-Failure Data vs. Predictable Component

3.3 Example 3: Environmental Pollutant

Spread
e Plot

dispersion, distinguishing between expected spread and

and Interpretation: Forecasts pollutant

random environmental effects.
A. Obijective:

The goal is to forecast the spread of a pollutant in the
environment and distinguish between its expected spread
and random environmental effects. This involves modeling
the pollutant dispersion using both deterministic (expected)

and stochastic (random) models.
B. Methods:

1. Deterministic Model: This model will be based on the
known characteristics of the environment (wind speed,
diffusion, terrain, etc.), which will help predict the expected

spread of the pollutant.

2. Stochastic Model: Introduces randomness to account
for environmental factors such as varying wind speed,
temperature, or other factors that cause unpredictability in

the spread.

3. Key Parameters:

. Wind Speed (V): Affects how fast the pollutant is
carried.
. Diffusion Coefficient (D): A measure of how

much the pollutant spreads randomly in the environment.

. Source Strength (S): Represents the amount of

pollutant being released into the environment.
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o Time (t): Duration for which the pollutant spreads.
Model Formulation:

The spread of the pollutant in two dimensions (X, y) can be

described using the following equations:

. Expected Spread (Deterministic):
_ S _ x2+y2
Clyt) = 2ot ¢ bt

This equation assumes a Gaussian distribution of pollutant

concentration due to diffusion.

e Random Effects (Stochastic): Introduce a random

noise term to simulate environmental variability:

S x2+y2
7D’ 4Dt

Clx,y,t) = > X (1 + Random Noise)

The random noise term could be Gaussian-distributed with a
mean of zero, representing fluctuations in environmental

conditions.

Simulation Parameters:

Let's assume:
. Source Strength S=100 units/s
. Diffusion Coefficient D=10 m2/s
o Time t=60 minutest = 60 minutes
. Wind Speed V=5 m/s

We simulate the concentration of the pollutant over time in a

2D plane (x, y).
Plot Generation:

We will plot the concentration distribution of the pollutant
over a 2D grid (x and y axes). The x and y range could be
from -500m to 500m, and we'll generate two sets of plots:
one for the expected spread (deterministic) and one for the

random effects (stochastic).
Plot 1: Deterministic Pollutant Spread

. Concentration of the pollutant based on the

expected diffusion model.

Plot 2: Stochastic Pollutant Spread
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. Concentration of the pollutant with random
environmental effects (such as wind fluctuations,
temperature changes, etc.).

C. Results for example 3

The plot

1. Deterministic Model (Plot 1):

. The concentration is highest near the source (0,0)
and decreases radially outward.

. The Gaussian shape reflects a symmetric spread

where the pollutant disperses over time with a clear,

predictable pattern.

. As time increases, the spread radius increases, but
the maximum concentration decreases, indicating that the

pollutant is diffusing and becoming more dispersed.
2. Stochastic Model (Plot 2)

o The spread now includes random fluctuations,
shown as irregularities in the shape of the pollutant

concentration cloud.

. This

environmental factors, leading to unpredictable behavior.

model accounts for variations in
The concentration near the source may still be high, but
random fluctuations cause areas of higher concentration that

are not symmetrically distributed.

. Over time, the spread becomes more erratic, with

some areas experiencing higher-than-expected
concentrations due to random environmental effects (e.g.,

wind gusts or changes in temperature).
3. Key Observations

. Deterministic Spread gives a smooth, predictable

distribution, ideal for understanding general pollutant

movement over time.

o Stochastic Spread reveals the complexities of real-
world environments, where random fluctuations can cause

localized concentration peaks and irregular spread patterns.

. The discrepancy between the two plots highlights the

influence of random environmental effects such as varying
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wind speeds, changes in terrain, or weather conditions that

cannot be fully captured by deterministic models.

. While deterministic models are useful for
understanding the general trend of pollutant dispersion,
stochastic models are crucial for accounting for the

variability and unpredictability in environmental factors.

Forecasting pollutant dispersion in real-world scenarios
requires combining both models to predict not only the
general expected spread but also to understand the potential
random effects that could lead to unexpected concentration

peaks or irregular spread patterns.

4 CONCLUSION

This study demonstrates the application of Doob’s Theorem
to separate and analyze predictable and random components
within stochastic processes across various domains. By
decomposing processes into martingale and predictable
elements, Doob’s Theorem allows us to isolate systematic
trends, facilitating more accurate predictive models and
reliable performance assessments. The numerical examples
provided, including queuing analysis, stock market
forecasting, equipment reliability, pollutant diffusion, and
demand forecasting, highlight the theorem’s versatility and
effectiveness in addressing real-world issues where

uncertainty plays a central role.

Doob’s theorem-based distribution proves especially useful
in contexts that require both trend analysis and noise
reduction, offering insights that go beyond simple data
smoothing. This approach also underscores the potential for
improved decision-making and risk management in systems
with inherent randomness. Future research could explore
extending these models to more complex, high-dimensional
data or integrating machine learning techniques with Doob’s
decomposition for enhanced predictive capabilities. Overall,
Doob’s Theorem provides a valuable foundation for
improving system reliability and performance evaluation in
uncertain environments, underscoring its importance in the

field of applied stochastic processes.
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