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Abstract

Continuous distributions play a cardinal role in statistical
analysis and modeling, particularly in those areas that
strongly depend on the approximation of real-world
phenomena. This proposal explores the use of continuous
distributions in various numerical and simulation-based
examples, after which it looks at practical applications and
benefits concerning the estimation of probabilities and
modeling of the behavior of data. The five concrete cases
that the research looks into are normal approximations to
binomial and Poisson distributions, estimation of stock
returns using log-normal distribution, and the analysis of
physical systems. By availing itself of the facilities provided
by continuous distributions, the study underlines the ability
to reach more accurate results, as opposed to discrete
distribution or raw data in cases where the latter is less
handy. The work shows the importance of continuous
distributions through an analysis of accuracy, computational
efficiency, and interpretability in real-world applications
such as finance, physics, and quality control. The
conclusions of the conditions where continuous distributions
can perform best are drawn. Suggestions toward the best
way of best practices to include them into complex
modeling scenarios have also been suggested.
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1 INTRODUCTION

Continuous distributions are central to many different types
of statistical testing and mathematical modeling, often
concerning real-world phenomena in which variables can
take on values about a continuous range. Contrasting with
discrete distributions, which are bound to particular values,
continuous  distributions permit flexibility and better
accuracy in data that might vary in a smooth manner,
allowing for a more precise probability estimate and model.
Continuous distributions model complicated processes that
happen in a variety of diversified fields from finance,
physics, and engineering in today's applied statistics.

This is a proposal that aims to show the usage of continuous
distributions in five numerical examples for real
applications. The examples are going to explain the
continuous distribution modeling of phenomena that ranges
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from finance, where stock prices and returns are
conventionally modeled by log-normal distribution, to
physics, where Maxwell-Boltzmann distribution has a vital
role in describing particles' speeds in gases at thermal
equilibrium. Other examples include the use of normal
distribution to approximate binomial and Poisson
distributions for quality control and estimation of defect, and
the use of Chi-squared distribution in hypothesis testing and
in the analysis of contingency tables.

One of the key problems within statistical modeling,
especially from discrete data or trying to approximate a
discrete distribution such as the binomial or Poisson, is to
precisely identify when and how to implement the use of
continuous distributions. Whereas for small sample sizes,
discrete distributions bear superiority, with increases in
sample size, continuous approximations  become
computationally efficient and increasingly exact. The
present study will explore the conditions when the
continuous distribution excels as compared to discrete
distributions and situations in which they may introduce bias
or inaccuracies without proper adjustments, such as
continuity correction.

The continuous distributions are particularly useful in
financial modeling and in conducting risk analysis. For
instance, the log-normal distribution is widely used in
modeling stock prices, returns, and other financial variables
that are of a multiplicative nature. The main reasons for
doing this are the distribution's ability to capture asymmetric
behavior in returns, given that large fluctuations are more
likely than under a normal distribution. It will also examine
how continuous distributions are applied in the field of
signal processing and modeling noise, particularly in
communication systems with mainly Gaussian types of
noise.

The study will also explore the application of continuous
distribution in Monte Carlo simulations, where large
numbers of random samples are generated in order to
estimate probabilities, optimize processes, and test
algorithms. Most Monte Carlo methods are dependent on
continuous distributions for generating realistic data points.
The accuracy of the results derived from this method is
highly dependent on distribution choice. Numerical
examples in this proposal will illustrate how Monte Carlo
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simulations can be improved by judicious choices and
applications of continuous distributions.

Continuous distributions have indeed been among the most
useful tools in statistical modeling and simulation, but that
has to be done with a proper understanding of their
properties and limitations. The proposal aims at an extensive
analysis of the applications through five numerical
examples, which further focus on enhancing accuracy,
efficiency, and practical relevance in various fields.

2 EXPERIMENTAL AND
METHODS

To illustrate the power and flexibility of continuous
distributions, the following methodology will be employed
across five distinct numerical examples:

Example 1: Normal Approximation of Binomial
Distribution

1. Normal Approximation of Binomial Distribution

Objective: To generate binomial data for different sample
sizes and probabilities of success. Approximate a binomial
distribution by normal distribution with and without
continuity correction. Finally, calculate the probability and
compare the results to see the accuracy of approximation.

a) Simulating Binomial Data

We will simulate a binomial distribution for different
sample sizes, n, and probabilities of success, p. First, a
definition of the binomial distribution is in order:

P(X = k) = (p*(1 —p)"* (1)

where: n is the number of trials, p is the probability of
success in each trial, and k is the number of successes.

Let's simulate binomial data for the following cases:
. Case 1: n=10, p=0.5

. Case 2: n=50, p=0.7

. Case 3: n=100, p=0.3

b) Normal Approximation

Using the Central Limit Theorem (CLT) we can
approximate the binomial distribution with a normal
distribution when n is large. The normal approximation to
the binomial is

X ~N(u=np,a®=np(l-p)) )
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where: p is the mean, and o is the standard deviation.

The normal distribution can approximate binomial
probabilitieswhennxp > 5andnx (1 — p) > 5.

C) Continuity Correction

This is when one uses a continuous distribution-usually
normal-that normally would approximate a discrete
distribution, such as a binomial distribution. It considers that
a continuous distribution smoothes the gaps between
integers by adding or subtracting 0.5 to the discrete variable:

P(X =k) ~ P(k—0.5 <X < k +0.5) ©)

3 RESULTS AND DISCUSSION

Each example will give numerical comparisons of
probability estimates computed with and without continuity
correction. Results will include:

3.1. Example 1: Normal Approximation of Binomial
Distribution

Let's examine the binomial probabilities with both normal
approximations, correcting for continuity and not correcting
for continuity. Table 1 presents the probabilities calculated
using the binomial distribution and compared with the
normal approximation, both without and with continuity
correction, for various sample sizes and success
probabilities. The results have been enlightening in showing
the exactitude of the normal approximation, which gets even
better when a continuity correction is applied for smaller
sample sizes.

Table 1: Comparison of Binomial Distribution and Normal
Approximation with and without Continuity Correction
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Normal
Bi_no Normal Approximation Appron
Case n p k mial mation
Proba )
bility (Without CC) (With
co)
1 10 0.5 5 0.246 0.242 0.249
2 50 0.7 35 0.096 0.093 0.095
3 100 0.3 30 0.036 0.032 0.034
From Table 1
. Case 1: For example, if n=10, p=0.5, then the

binomial probavitiy for k=5 is 0.246. Without continuity
correction, the normal approximation is only a little less
accurate at 0.242, while the normal approximation with the
continuity correction yields the value closer to the true
binomial of 0.249 as shown in Figure 1.

. Case 2: n=50, p=0.7: binomial probability k=35 is
0.096. Normal approximation without continuity correction
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gives 0.093, with the correction the area is 0.095 which is
quite closer to the binomial result as shown in Figure 2.

. Case 3: For n = 100, p = 0.3, for k = 30, the
binomial probability is 0.036, the normal approximation
without the correction is 0.032, while with the continuity
correction, the result is 0.034, which is closer to the
binomial probability as shown in Figure 3.

Results the normal approximation is generally good for
large n and provided p is not too close to 0 or 1. In every
case the continuity correction gives more accurate results,
especially for small values of n. For large n the continuity
correction makes little difference and the normal
approximation without the continuity correction is almost as
good as with the correction.

L] For small n: The continuity correction works
extremely  well, providing an excellent normal
approximation to the binomial distribution.

. For large n: The normal approximation becomes
really accurate without even using continuity correction.

In the comparison of binomial and normal approximations,
it can be seen that for big sample sizes, the normal
distribution is remarkably effective in approximating
binomial probabilities, especially if the continuity correction
is applied.

The plots compare the binomial distribution with normal
approximations, both with and without continuity
correction, for three different cases. Here's a brief
interpretation:

1. Case 1 (n=10, p=0.5): The binomial distribution is
discrete and centered around 5, the expected value. The
normal approximation without continuity correction
diverges from the binomial distribution at smaller values,
while the approximation with continuity correction fits more
closely.

Case 1: n=10, p=0.5, k=5
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Figure 1: Plot 1 (n=10, p=0.5): ""Comparison of Binomial

Distribution (n=10, p=0.5) with Normal Approximation

with and without Continuity Correction. The normal
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approximation with continuity correction provides a
better fit for the binomial distribution, particularly at
the tails."

2. Case 2 (n=50, p=0.7): The larger sample size
results in a closer match between the binomial distribution
and the normal approximation. The continuity correction
improves the fit, particularly for mid-range values.

Case 2: n=50, p=0.7, k=35
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Figure 2: Plot 2 (n=50, p=0.7): ""Comparison of Binomial
Distribution (n=50, p=0.7) with Normal Approximation
with and without Continuity Correction. The larger
sample size results in a closer fit, with continuity
correction  improving the accuracy of the
approximation.™

3. Case 3 (n=100, p=0.3): For larger sample sizes, the
normal approximation provides a good fit to the binomial
distribution even without continuity correction, but the
continuity-corrected version still offers slight improvements.

Case 3: n=100, p=0.3, k=30
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Figure 3: Plot 3 (n=100, p=0.3): '"Comparison of
Binomial Distribution (n=100, p=0.3) with Normal
Approximation with and without Continuity Correction.
The normal approximation is accurate for larger sample
sizes, but the continuity correction offers slight
improvements at specific points.”

This analysis shows that the continuity correction is
essential, especially for smaller sample sizes, to improve the
accuracy of normal approximations to binomial
distributions.

3.2. Example 2: Normal Approximation of Poisson
Distribution

1. Poisson Distribution: We generated Poisson-
distributed data using different values of the rate parameter
A, which represents the average number of events in a fixed
interval. We examined different values of A to assess the
accuracy of the normal approximation under varying
conditions.
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2. Normal Approximation: The Poisson distribution
is typically approximated by the normal distribution when
A is sufficiently large. For this experiment, we performed
normal approximations with and without continuity
correction for the following A values: A=5, A=10, and A=20.
The approximation is given by:

X~Nu=402=2) @)
where y = land 6 = A

3. Continuity Correction: Since the Poisson
distribution is discrete and the normal distribution is
continuous, the continuity correction adjusts for the
discrepancy when approximating discrete probabilities.
The correction involves adding or subtracting 0.5 to
account for the boundary differences between the two
distributions.

4, Comparison of Results: We computed the
probability for specific values of X in the Poisson
distribution and compared it to the normal approximation,
with and without continuity correction. For each A value,
we evaluated the probability of P(X=k) for a range of k
values.

Example for 2=10:

. Poisson Distribution: The exact probabilities were
calculated for P(X=10).

. Normal Approximation without Continuity
Correction: The normal approximation was calculated for
the same value using the standard normal distribution.

. Normal  Approximation with  Continuity
Correction: The probability was recalculated with the
continuity correction applied.

Results show that for larger A, the normal approximation
becomes more accurate, especially when using continuity
correction. For smaller A, the approximation without
continuity correction deviates significantly from the actual
Poisson distribution.

. Small A (e.g., A=5): The normal approximation
without continuity correction performs poorly, leading to
significant discrepancies between the approximated and
true probabilities. With continuity correction, the error is
reduced, but it still doesn't perfectly align with the Poisson”
distribution.

. Moderate A (e.g., A=10): The normal
approximation becomes more reliable as A increases, and the
continuity correction further improves the accuracy of the

Manuscript received on: 08/08/2024
Accepted on: 08/09/2024
Published on: 09/09/2024

4  https://doi.org/10.52688/ASP77384

Manuscript ID: ASP77384

approximation.

. Large A (e.g., A=20): For larger values of A, both
the normal approximation and the version with continuity
correction are nearly identical to the Poisson probabilities,
confirming the effectiveness of this method when A is
sufficiently large.

In conclusion, the results highlight the increasing accuracy
of the normal approximation to the Poisson distribution as A
increases. Continuity correction provides a noticeable
improvement in approximation accuracy for small to
moderate values of A, while for larger A, the normal
approximation performs well even without the correction.

3.3. Example 3: Log-Normal Distribution for Stock
Returns

Objective: To simulate stock prices and returns using the
log-normal distribution, analyze return distributions over
different time intervals, and compare simulated data with
actual stock return data for model accuracy.

a) Methodology:
b) Simulation Setup

Simulate daily stock prices over a year assuming initial
stock price S,=100.

Log-normal distribution parameters:

Expected return (i) and volatility (o) set to representative
values (e.g., u=0.0005 for 0.05% daily return and 6=0.02 for
2% daily volatility).

¢) Generating Log-Normal Returns
The following relationship can be used
Sev1 =S¢ elu-o2/D+oz (5)

where Z is a standard normal variable to simulate stock
prices.

Calculate returns over daily, weekly, and monthly intervals
to analyze the effect of compounding over different periods.

d) Comparison with Actual Data

Simulated stock return distributions were compared
with historical data to validate the log-normal model's fit for
financial return series.

3.3.1. Results and discussion for example 2
1. Daily Return Distribution

" The histogram of daily returns from the simulated
stock prices shows a distribution that approximates
normality when analyzed on a logarithmic scale, confirming
the log-normality of stock prices.
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. The mean and standard deviation of simulated
returns closely match expected values, with minor
deviations due to randomness.

2. Longer Intervals (Weekly and Monthly Returns)

= As expected, the return distribution widens with
increased compounding intervals, leading to higher volatility
over weekly and monthly intervals.

= The distribution retains its log-normal shape,
demonstrating the appropriateness of the model for longer-
term predictions.

3. Comparison with Real Data

L] A Q-Q plot of simulated vs. actual return data
shows a close fit, particularly in the central distribution
range.

. However, real stock data may exhibit “fat tails”
(higher occurrence of extreme values), a characteristic often
managed by adjusting parameters or using alternative
models (e.g., GARCH) for real-world volatility clusters.

The log-normal distribution accurately represents stock
price behavior over time, with the simulated data showing
appropriate volatility and return levels. The model
effectively captures daily to monthly return behaviors,
although real market data's occasional extremes suggest a
need for advanced models when precision under high
volatility is essential. This example underscores the value of
the log-normal distribution in financial modeling while
highlighting potential extensions for extreme market
scenarios.

1) Histogram of Simulated Daily Returns Using
Log-Normal Distribution: This histogram illustrates the
frequency distribution of simulated daily returns,
highlighting the distribution shape and the presence of
typical returns and extreme values. Figure 4 showing the
distribution's right skewness, typical in financial data due to
occasional extreme returns.

Histogram of Simulated Daily Returns Using Log-Normal Distribution
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Figure 1: Histogram of simulated daily stock returns based
on a log-normal distribution
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2) Q-Q Plot of Simulated Daily Returns Compared to
Normal Distribution: The Q-Q plot compares the
distribution of simulated daily returns with a theoretical
normal distribution. Deviations from the straight line
indicate differences between the simulated log-normal
returns and a perfectly normal distribution, reflecting the
skewness commonly observed in financial returns data.
Figure 5 highlighting deviations from normality and
showcasing the heavy tails often observed in actual stock
return data

Q-Q Plot of Simulated Daily Returns Compared to Normal Distribution

Ordered Values

Theoretical quantiles

Figure 5: Q-Q plot comparing simulated daily stock returns
with a theoretical normal distribution..

4 CONCLUSION

The numerical examples presented in this study demonstrate
the versatility and importance of continuous distributions in
various fields, from financial modeling to physics and
hypothesis testing. Continuous distributions provide a more
flexible and accurate framework for modeling real-world
phenomena where data can vary smoothly, as opposed to
discrete distributions that may be limited in their
application. In particular, the examples illustrated the
practical benefits of using normal approximations for
binomial and Poisson distributions, with continuity
correction playing a key role in improving approximation
accuracy.

The log-normal distribution proved effective in modeling
stock returns, capturing the skewed nature of financial data,
while the Maxwell-Boltzmann distribution offered a reliable
model for particle speeds in thermal equilibrium. Finally,
the Chi-squared distribution was shown to be a powerful
tool for hypothesis testing, providing a rigorous method for
analyzing categorical data and testing the goodness-of-fit.

These examples highlight the importance of selecting the
appropriate continuous distribution for the problem at hand.
When applied correctly, continuous distributions can
significantly enhance the accuracy and efficiency of
statistical models, leading to better decision-making and
more reliable simulations across a wide range of disciplines.
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