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ABSTRACT

The goal of this paper is to discuss in detail the solvability in the space of Lebesgue integrable functions in the unbounded interval
of a nonlinear Volterra integral equation and use as far as possible the fact that a given integro-differential equation can be
reduced to an equivalent nonlinear integral functional equation. In the present paper, using Schauder's fixed-point theorem along
with a weak measure of noncompactness defined by De Blasi, we establish sufficient conditions which guarantee the existence of
solutions. We shall thus avoid the problem of noncompactness which appears in a natural way when working in infinite-
dimensional spaces since only for additional compactness assumptions can the classical fixed-point results be applied. In the
present paper, we apply the De Blasi's measure and extend the classical existence results to include a bigger class of nonlinear
integral equations which need not be compact. Also an illustrative example is given for showing the application of our existence
theorem by which conditions from the paper could be fulfilled. This example represents the practical relevance of our theoretical
findings and points out the versatility of the proposed approach to real-world problems modeled by nonlinear Volterra integral
equations. The obtained results represent a contribution to the ongoing effort of mathematical analysis of integral equations,
bringing some novelties in discussing their solvability on unbounded domains and enlarging the scope of applicable mathematical
tools. The present work establishes an improvement in the theoretical and practical foundation of nonlinear integral equations,
providing at the same time a sound framework for treating various applications of mathematical physics and engineering
disciplines.
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INTRODUCTION

In particular, Volterra integral equations have numerous applications in many areas of applied mathematics, physics, and
engineering that are related to processes whose behavior is intrinsically dependent on their past history, such as population
dynamics, viscoelasticity, and heat conduction [1-4]. The integral equations are generally categorized into two groups, linear and
nonlinear forms, where the latter has received a considerable amount of attention owing to its capability to model realistic and
complicated phenomena more accurately [5-11]. However, analytical obstacles that occur when nonlinear Volterra integral
equations are solved are serious impediments to finding their exact solutions, especially for the case involving unbounded
domains [12]. The question of the solvability on such domains is interesting, in particular, as real-world problems defined over
infinite time intervals require careful mathematical frameworks able to handle existence, uniqueness, and stability of solutions
[13-16].

The fixed-point theory is one of the most powerful tools that can be used in discussing the existence of solutions in nonlinear
integral equations [17-20]. In particular, the fixed-point theorem by Schauder constitutes a very powerful framework for the proof
of existence of solutions under appropriate conditions [21-23]. However, in order to apply such a theorem, one has to assume
compactness, and this property may fail to hold in spaces of functions defined in unbounded intervals [24]. Because of this
limitation, measures of noncompactness are utilized for generalizing compactness conditions and extend the applicability of fixed-
point methods to broader classes of problems [25-27].

In this paper, we will reduce a given nonlinear Volterra integro-differential equation to some equivalent nonlinear integral
functional equation and then study its solvability in the space of Lebesgue integrable functions L1(R+). We will apply the
Schauder fixed-point theorem combined with a weak measure of noncompactness defined by De Blasi in order to get the existence
result. This allows us, in particular, to avoid the defect of compactness on unbounded domains. Furthermore, we also give an
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example of how the conditions of our existence result may be fulfilled. It demonstrates that our theoretical findings are applicable
and useful in an explicit solution to nonlinear integral equations.

PRELIMINARIES

Let R denote the field of real numbers, and let R+ be the interval [0, 0) [28]. If A is a Lebesgue measurable subset of R, the
symbol mes(A stands for the Lebesgue measure of A [29]. We denote by L;(A) the space of all real-valued functions that are
defined and Lebesgue measurable on the set A. The norm of a function x € L1(A) is defined in the standard way by the formula
[30]

I x I=I1 L1(A) I= [, Ix(t) | dt 1)

It is evident that L1(A) forms a Banach space under this norm. This space is commonly referred to as the Lebesgue space. When
A= R+, we write L1 instead of L1(R+), simplifying the notation for functions defined on the unbounded interval [0,).

Among the most important operators studied in nonlinear functional analysis, the so-called superposition operator can be
mentioned [6]. Let A c R be a given bounded interval. This operator acts between functions according to the values of another
function and plays a basic role in a number of problems, especially those arising from integral equations, connecting abstract
functional spaces with specific applications in mathematical analysis and physics [31-35].

DEFINITION 2.1

We say that for a function x = x(t), which is measurable on the interval [ c R, we define the new function (Fx)(t) = f(t, x(t)),
for t € I. The operator F defined in this way is called the superposition operator or the Nemytskii operator generated by the
function f [36].

In this respect, the superposition operator is one of the most important notions in nonlinear functional analysis, which associates
with an arbitrary measurable function x(t) another function defined by pointwise evaluation of a function f(t,x(t)). Such
operators arise in a natural way in investigations of all kinds of integral and differential equations when nonlinearities depend on
time (or space) t and the involved function x(t) itself. We recall that the Carathéodory condition provides a warranty of well-
definedness for such an operator and under appropriate integrability and continuity assumptions, good behavior is implied [37,
38].

In applications, superposition operators arise quite naturally in problems where the response of a system at any given time

depends on time not only itself but also on the present state of the system. Since it allows, by measurability in t and continuity in
x, extensions to broad classes of functions and nonlinear integral equations could be studied in Lebesgue spaces.

THEOREM 2.1

Establishes the conditions under which the superposition operator F generated by a function f maps continuously from the space
L1 (D) into itself. The theorem states that this occurs if and only if [40]

| f(t,x) I<a(t) +b x|, (2

where a(t) is a function in L*(I) and b is a nonnegative constant. This theorem was first proved by Krasnoselskii for bounded
intervals, and later generalized to unbounded intervals I by Appell and Zabrejko.

KEY DEFINITIONS

LIPSCHITZ CONTINUITY (DEFINITION 2.2)

A function f:A— Rm where AC Rn, is Lipschitz continuous if there exists a constant L>0 (the Lipschitz constant) such that [21]
[fx)—f(y) ISLIx—ylVx,y€EA (3)

LINEAR INTEGRAL OPERATOR (DEFINITION 2.3)

The linear integral operator is defined as [23]
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K = ["k(t,$)x(s)ds, t € (a,b), @)
where k(t,s) is the kernel and x is the function. For simplicity, the interval is assumed to be [0, o), and k is measurable in both
variables.

THEOREMS

LUSIN'S THEOREM (THEOREM 2.2)

Given a measurable function m:1 - R™, for any € > 0, there exists a closed subset D, € I such that meas(DE)< € and m
restricted to De is continuous [25].

DRAGONI'S THEOREM (THEOREM 2.3)

Let A be a compact metric space, B a separable metric space, and C a Banach space. If H: A X B — C satisfies the Carathéodory
conditions, then for every € > 0, there exists a measurable closed subset D, € A such that meas(A \ De) <e and H restricted to
D, % B is continuous [30].

WEAK MEASURE OF NONCOMPACTNESS (DEFINITION 2.4)

A function p: ME—R+ is a measure of weak noncompactness if it satisfies the following conditions [27]:
1. The family ker(y) = {X € Mg: p(X) = 0} is nonempty and belongs to Np.

2. XY = puX) < u().

3. p(ConvX) = pu(X).

4. ForA € [0,1],p(X+ (1 =2Y) < X))+ (1 —2)pY).

5. IfX, € Mg with X,, = X,“ and X,,,; € X, for all n, and lim,,_,., u(Xn) = 0, then X, = N=_, X, # @.

BANACH SPACE (DEFINITION 2.6)

A normed space (X, lI-Il) is called a Banach space if every Cauchy sequence in X converges to an element in X. In other words, a
Banach space is a complete normed space [29].

CONVEX SET (DEFINITION 2.7)

Aset S € Ris said to be convex if for all A € [0,1] and for all x,y € S, the convex combination Ax + (1 — A)y € S [11].

DIEUDONNE'S THEOREM (THEOREM 2.4)

A bounded set X c L1 is relatively weakly compact if and only if [17]:

For any € > 0, there exists § > 0 such that if meas(D) < §, then
Jo 1x(®) 1dt < e forallx € X (5)
For any € > 0, there exists T > 0 such that

Ji 1x(t) | dt < e, forallx € X (6)

MEASURE OF NONCOMPACTNESS (THEOREM 2.5)

Let y(X) = c(X) + d(X) be a measure of weak noncompactness in the space L1(R+), where c(X) and d(X) are given by [19]:

*Corresponding author
Faez N. Ghaffoori,
Department of Mathematics, College of Basic Education, University of Mustansiriyah, Baghdad - Iraq
e-mail: fng_2022@uomustansiriyah.edu.iq
21



c(X) =lim supx € X sup[fD | x(t) | dt: meas(D) < €],
d(X)=limy_e sup [ [ 1 x(t) | dt: xeX]

The theorem states that y(X) is a regular measure of weak noncompactness in L, and for any nonempty and bounded subset
X c Lt [5]:

BX) = y(X) = 2B(X), ™

where 8 denotes the De Blasi measure of weak noncompactness.

SCHAUDER FIXED POINT THEOREM (THEOREM 2.7)

If X is a convex subset of a Banach space E, and T: X — X is a compact, continuous map, then T has at least one fixed point in X

(8l.
RESULTS AND DISCUSSION

The integro-differential equation is given as [10]:

x(t) = q(0) + J, | p(ts)f(s,x'(s))ds ®)

By differentiating both sides and substituting, the equation transforms into:

y(®) = gL Y®) +h() + [ | k(t,5)f(s,y(s))ds ©)

where g(t), h(t), and k(t,s) are bounded and satisfy specific conditions. Under these conditions and the assumptions (i)-(iv),
Theorem 3.1 guarantees that equation (3.3) has at least one integrable solution in L; (R*).

The primary focus is on investigating the solvability of the nonlinear Volterra integro-differential equations given by Eg. 10) and
its transformed version, Eq. 11. These equations have significant applications in fields such as applied mathematics, physics, and
engineering, particularly in modeling systems that evolve over time with memory effects

x(t) =%, + fot k(t, $)f(s,x(s)) ds (10)

where x, is the initial condition. The primary goal in the analysis of Eq. 11 is to demonstrate that the operator H, acting on the
function space L, (R"), is continuous and compact. This is crucial for applying fixed-point theorems, which are used to prove the
existence of at least one integrable solution to the integro-differential equation.

The analysis shows that under certain assumptions about the boundedness and continuity of the kernel k(t, s) and the nonlinearity
f(t, x), the operator H maps L, (R*) into itself. This property ensures the existence of solutions to Eq. 11, contributing to the
understanding of the solvability of nonlinear Volterra integro-differential equations in applied mathematics, which has significant
applications in various fields of applied mathematics and physics. This equation is derived from a transformation of the original
integro-differential equation

x'(t) = g(t) + fot k(t, s)f(s,x(s))ds (11)

where g(t) is a known function, k(t,s) is the kernel that describes the memory of the system, and f(s,x(s)) represents the
nonlinear relationship between the variables. This equation describes a wide range of real-world phenomena, such as population
dynamics, viscoelastic materials, and heat transfer.

To facilitate the analysis, Eq. 10 is transformed into an equivalent integral equation, Eq. 11, through differentiation. The
transformation allows the equation to be expressed in terms of an operator H, defined as a combination of a linear operator K and a
nonlinear operator F.

Through differentiation, leading to the formation of a functional integral equation. The transformed equation is explored under the
assumptions of boundedness and continuity conditions for the functions involved, particularly the kernel k(t, s), the function g(t),
and the nonlinearity f(t, x).

*Corresponding author
Faez N. Ghaffoori,
Department of Mathematics, College of Basic Education, University of Mustansiriyah, Baghdad - Iraq
e-mail: fng_2022@uomustansiriyah.edu.iq
22



Journal of Positive Sciences (JPS) elSSN: 2582-9351, https://positive-sciences.com  Published by: Ve Technology Pvt. Ltd

The key result presented in Theorem 3.1 asserts that, under the given assumptions, the operator H, which is a combination of the
linear operator K and the nonlinear operator F, maps the space L; (R*) to itself continuously. This continuity is crucial for proving
the existence of at least one integrable solution to the integro-differential equation on the space L, (R*).

Indeed, the fact that the estimates in the given calculations are detailed proves the finiteness of the norms of functions appearing
here and convergence of the integrals; this already guarantees that the operator H is well-defined and continuous in the given
function space. Several useful mathematical tools, such as measures of weak noncompactness and conditions of Carathéodory
type, have been used in this analysis to establish the required properties of the operator. That, in turn, allows the application of
fixed-point theorems which are basic in proving the existence of solutions to such nonlinear integral equations.
This is of great significance because such results in real problems are always applicable whenever the described phenomena take
the form of integro-differential equations. Examples of such equations model heat conduction, population dynamics, and other
complicated processes such as those on viscoelastic materials. By guaranteeing the existence of solutions under justifiable
assumptions, this work provides an additional contribution toward the great understanding of the solvability of more complicated
functional equations within applied mathematics.

CONCLUSION

In this paper, we have established the existence of solutions for a system of nonlinear integro-differential equations of the form

t !
x(®) = q(t) + [y p(ts) f(s,x'(s))ds,
which we transformed into an equivalent nonlinear Volterra-type integral functional equation. The reformulated equation

x(t) = g(®) f(t, x(©)+h() + fot k(t,s) f(s,x(s))ds, te€ L;(R"), was analyzed in the space of Lebesgue integrable functions
L, (R*) over the unbounded interval R* = [0, ).

We utilized Schauder's fixed-point theorem along with De Blasi's weak measure of noncompactness to handle the effect of
noncompactness caused by the infinite dimensionality of the involved function spaces. Such an approach yielded a sound
framework to obtain the solvability of the system under conditions that were proper for this purpose. Besides, we presented a
numerical example in order to see how our theoretical results work in practice and to check that the conditions of the existence
theorem are satisfied.

The results obtained enhance the applicability domain of fixed-point methods to nonlinear Volterra integral equations in
unbounded domains and display the insight into such equations' study in mathematical analysis and applied sciences.
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