Utilizing Beta distribution for probabilistic modeling: five
numerical examples
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ABSTRACT

The Beta distribution is a flexible and powerful device used to version chances and proportions restricted within the ¢ program
languageperiod (0, 1). This suggestion explores its applications in numerous domain names together with Bayesian inference,
reliability testing, and mission management, highlighting its effectiveness in modeling unsure outcomes with confined
information. By adjusting its form parameters, the Beta distribution can represent one-of-a-kind forms of distributions, from
uniform to skewed. In this work, five numerical examples are offered, illustrating sensible uses of the Beta distribution in
Bayesian updating of success possibilities, modeling defective product proportions, estimating assignment of completion instances
the use of PERT, assessing election polling effects, and reliability checking out. These examples demonstrate the flexibility of the
Beta distribution in imparting significant insights in fields in which uncertainty is common. The purpose of this observe is to
explore the software of the Beta distribution in probabilistic modeling, specially in cases wherein records is bounded within an
interval (0,1). Beta distribution is highly versatile, used in Bayesian inference, assignment management (PERT), reliability trying
out, and modeling proportions in various fields. We will present five numerical examples to demonstrate how the Beta distribution
may be applied to actual-international problems.

Keywords: Bayes' Inference, Probabilistic Modeling, Reliability Testing, PERT Analysis, Probability of Success
INTRODUCTION

Among all types of continuous probability distributions, the Beta distribution is one of the most versatile and common in
statistical modeling, especially when variables are bounded within a finite interval [1-5]. The Beta distribution is defined on the
interval between 0 and 1. Because of this, it's uniquely suited to model probabilities and proportions. Its applicability spans a wide
range of fields-from quality control and Bayesian statistics to project management and decision theory [6]. With its capability of
representing a large variety of distribution shapes, from uniform to highly skewed, this distribution offers a real added value in
many real applications where uncertainty and scarcity of data are common facts [7-10].

In general, the Beta distribution is taken by the two shape parameters o and B, which regulate the distribution's skewness and
kurtosis, respectively. At the same time, depending on the values of these parameters, the Beta distribution may take any form-
from U-shaped to unimodal and skewed or even almost uniform. With this flexibility, it may model symmetric and asymmetric
behaviours. In particular, the Beta distribution is useful in problems where the probability of an event or the proportion of a
population that falls within certain bounds is of interest [16]. The PDF of the Beta distribution is given by [17-20]:

Xot—l(l_x)ﬁ—l

flxlo, B) =

for0 <x<1 1)

where B(a,p) is the Beta function which normalizes the distribution so that the total area under the curve = 1.
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B(a, B) is the Beta function: B(a, B) = fol t* 1 (1 —t)f1dt
Shape parameters presented as >0 and >0.

Key Properties

If o=P=1, the Beta distribution is uniform.

If o>, the distribution is skewed to the right (more weight near 1).
If a<P, the distribution is skewed to the left (more weight near 0).

This involves being one of the most common applications of the Beta distribution: Bayesian inference, where it's used as a
conjugate prior for binomial distributions [21, 22]. It is pretty useful when updating beliefs in many things regarding the
probability of success concerning a certain process or experiment [23]. The Beta distribution allows the updating of prior
information on a continuous basis as newer data becomes available, which is crucial in dynamic decision-making environments
such as industrial processes, clinical trials, and market research. For instance, in belief updates drawn from additional products
that are tested for defects, the factory manager may want to model the success rate of a new production line [24-26].

Another popular application of the Beta distribution is in PERT-Project Evaluation and Review Technique analysis, which is also
very well known in project management. PERT relies on the Beta distribution in order to estimate the time required to complete
tasks considering optimistic, most likely, and pessimistic time estimates. This is where it becomes very useful because weighting
such estimates can provide a far more realistic model of project completion times, thereby enabling the managers to estimate
delays and allocate resources accordingly. Beta distribution models the failure rate of products and systems during a reliability
test, mostly when the probability of failure is not well known and has to be estimated from limited tests [27]. The Beta distribution
enables the engineer to estimate the reliability of a product and predict its lifetime performance, something of particular interest in
systems such as aerospace, electronic, and automotive engineering [28]. Applications other than those described above include:
The Beta distribution is important in fields that involve modeling proportions: public opinion polling, quality control, and
biological studies [29-31]. An example could be about election polling, where it considers the proportion of voters supporting a
certain candidate by incorporating uncertainty in a poll result using the Beta Distribution [32-35].

The following five numerical examples that constitute this Study demonstrate various applications of the Beta distribution in
different fields and environments. These examples are intended to serve the purpose of demonstrating how, practically, the Beta
distribution can provide meaningful insights into the modeling of uncertain outcomes, updating probabilities, and thereby aiding
the decision-making processes in a number of disciplines. More generally, it finds common use in statistical modeling,
particularly with proportions, percentages, and rates of success. Beta distribution is an important element in Bayesian statistics,
wherein it acts as a conjugate prior for the binomial data-a continuous updating of probability estimates with observed outcomes.
It also can be applied in project management, PERT analysis, decision-making, quality control, reliability testing, and election
polling. This section will highlight those key applications and demonstrate why the Beta distribution is preferred in these
scenarios.

EXPERIMENTAL AND METHODS

The experimental methods section gives details on how applications of the Beta distribution were made using numerical
illustrations. The illustrations will be done by using hypothetical data or simulated data to help appreciate clearly how the Beta
distribution can be applied. The methodology will include defining the context in which each application will be fitted, choosing
appropriate parameters for the Beta distribution, and performing relevant calculations to derive insights from it.

SELECTION OF PARAMETERS

These shape parameters, o and 3 are to be carefully chosen in each application by considering the context of the problem at hand,
they can be elicited from previous knowledge or directly observed data. In the case of Bayesian updating for example, o is to
represent the number of successes plus one, while B represents the number of failures plus one.

DATA GENERATION

Example datasets of each will be generated to simulate hypothetical situations. For example, for the quality control application,
data will be simulated on the number of good items and defective items produced, and this information will then be used to
estimate the parameters in the Beta distribution.
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CALCULATION OF THE PROBABILITY DENSITY FUNCTION (PDF) AND CUMULATIVE
DENSITY FUNCTION (CDF)

The following problem will determine the PDF of the Beta distribution using the formula in Eq. 1. The CDF will be developed by
numerical integration or statistical software, so that probabilities of values of x being greater than or less than a specific value can
be evaluated.

POSTERIOR DISTRIBUTION CALCULATION

In Bayesian applications, the prior distribution is updated using the observed data and calculates the posterior distribution. The
success and failure rates observed will be used in calculating the updated values of a and B. Then, the Updated Beta Distribution
will be analyzed.

ANALYSIS OF RESULTS

The mean and variance of the Beta distribution could be computed using the formulas [36-40]:

EX] =5 @

o+

_ ap
Var(X) = (a+PB)2(a+B+1) ©)

These records will offer insights into the anticipated results and the variety of the modeled phenomena.

VISUALIZATION

Applications are to be done with graphs of probability density and of cumulative distribution. This sets up a platform for easily
appreciating the shape of the Beta distribution for various values of the parameters involved, hence giving insight into how
changes in a and § change the behavior of the distribution.

Each example concludes with a summary of findings, discussing implications of the shape and parameters of the Beta distribution
in the modeled scenario. These results will be interpreted in the real-world context in an application that shows how the Beta
distribution can provide information for.

RESULTS AND DISCUSSION

The next section walks through five numerical examples that highlight the flexibility and range of application of the Beta
distribution by showing precisely how, in each of these different real-world problems, Beta distributions could be applied:
Bayesian updating of success probabilities, modeling the proportion of defect products, PERT estimation of project completion
times, assessment of election polling data, and the reliability testing of product failure rates. These illustrations will provide clear,
step-by-step calculations of how the Beta distribution can be used to derive meaningful insights and support decision-making in a
number of fields.

EXAMPLE 1

BAYESIAN UPDATING OF PROBABILITY OF SUCCESS

This is a classic problem of Bayesian updating using the Beta distribution while analyzing the efficiency of two machines, A and
B. Clearly, the data that will be obtained in the testing of each of these machines will contain much information on the respective
success probabilities, which are essential to arrive at decisions with respect to operational efficiency.
A factory is testing two machines for efficiency. Suppose that Machine A has completed 20 tests with 16 successes, while
Machine B has 18 successes in 25 tests. We assume a uniform prior for the success probability of each machine.
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DATA SUMMARY

e Machine A: Out of 20 tests, 16 were successful, leading to a success rate of 80%. The Beta distribution parameters for
Machine A are calculated as a = 16 + 1 =17 and § = 20 — 16 + 1 = 5, resulting in PA ~ Beta(17,5).

e Machine B: Out of 25 tests, 18 were successful, resulting in a success rate of 72%. The Beta distribution parameters for
MachineBarea =18+ 1 =19and § = 25— 18 4+ 1 = 8, giving us PB ~ Beta(19,8).

MEAN SUCCESS PROBABILITY

The mean success probability for Machine A is calculated as:

e Machine A: E[PA] = — = 0.77

17+5

For Machine B, the mean success probability is:

e Machine B: E[PB] = — = 0.70

COMPARISON OF MACHINES

The mean success probability suggests that Machine A has a higher expected probability of success, at 77%, compared with the
one estimated for Machine B, which is 70%. This difference thereby infers that Machine A is more efficient with respect to the
test data presently available.

BAYESIAN

The use of uniform prior, Beta(1,1), follows from our ignorance about the initial probability of success for both machines. These
are then updated in the posterior distributions with belief, given the number of successes and failures observed for each machine.
These resulting Beta distributions for the two machines summarize the uncertainty in the respective success probabilities. In
particular, the Beta distribution for Machine A seems to be more peaked than that for Machine B, so there is more certainty about
its efficiency, as it has a higher number of successful tests than total tests conducted.

FUTURE TESTING IMPLICATIONS

These calculated probabilities allow decision-makers to choose the next test, operational strategies, and further resource
allocations. Based on the previous case, if it was a question of further investment or maintenance, then Machine A could be
chosen first, as there is a greater chance of success. The beta distribution gives an opportunity to quantify the risk of expected
failures for each machine in future tests. By analyzing the whole distribution, stakeholders can estimate the probability of different
success rates given various conditions. In this example, Bayesian updating with the Beta distribution allows a disciplined
approach to analysis and interpretation of the test data. The outcome will be a probability-driven decision. This example provides
evidence of the importance of data-driven approaches when assessing machine efficiency and, correspondingly, highlights the
practical utility of Bayesian methods in operational settings.

EXAMPLE 2

MODELING PROPORTION OF DEFECTIVE ITEMS

This is Example 2, where the application of the Beta distribution models the proportion of defective items in a quality control
process. The following example is to be interpreted in detail:

Scenario: Suppose, in an organisation, a quality control engineer inspects 100 lots of products and finds that 10 lots are defectives.
In order to model the uncertainty about the proportion of defective items, use the Beta distribution-a continuous probability
distribution that is commonly used in Bayesian statistics for modeling proportions and probabilities.
Prior Distribution: The prior belief about the defective proportion is modeled by a Beta distribution with parameters Beta(1,1)
before observing any data. A Beta(1,1) distribution is equivalent to a uniform distribution, meaning that before the inspection, the
engineer assumes that any proportion of defective items between 0 and 1 is equally likely. This is a non-informative prior,
reflecting no strong prior belief about the defect rate.
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Posterior Distribution: After observing the data (10 defective items out of 100), the engineer updates their belief using the data
and the prior distribution. The updated or posterior distribution for the proportion of defective items is:

PD ~ Beta(1 + 10,1 + 100 — 10) = Beta(11,91)

This Beta distribution now reflects both the prior belief and the observed data. The first parameter (11) accounts for the 10
defective items plus 1 from the prior, while the second parameter (91) accounts for the 90 non-defective items plus 1 from the
prior.

MEAN PROPORTION OF DEFECTIVE ITEMS

The mean of the Beta distribution gives the expected proportion of defective items, calculated as:

=L ~0.108

11491

E[PD]

This means that after observing the data, the expected proportion of defective items is 0.108, or 10.8%.

Before the inspection, the engineer had no strong belief about the defect rate, assuming all proportions were equally likely
(Beta(1,1) prior).

After inspecting 100 products and finding 10 defective items, the engineer updates their belief, leading to the posterior distribution
Beta(11,91).

The mean of the posterior distribution (0.108) suggests that, given the observed data, the engineer now expects approximately
10.8% of future products to be defective.

This Bayesian technique allows the engineer to incorporate each earlier expertise and determined statistics to make probabilistic
predictions about the disorder charge.

EXAMPLE 3

PROJECT COMPLETION TIME IN PERT ANALYSIS

Example 3 used the Beta distribution in PERT - a project management technique to model the time to complete a task. PERT is
intended for projects where there is uncertainty about how long it takes to complete each particular task. The Beta distribution is
particularly useful since it is flexible enough to model a wide range of outcomes.

Scenario: A task in a challenge has 3 estimated time values:
Optimistic time (a): The shortest time, in which the task can be completed, assuming everything goes well (10 days).
Most likely time (m): the time it will most likely take to complete the task (15 days).

Pessimistic time (b): the longest time the task could take, assuming everything goes wrong (20 days).

BETA DISTRIBUTION APPROXIMATION IN PERT

In PERT, the completion time is often modeled using a Beta distribution, with parameters based on the optimistic, most likely,
and pessimistic estimates. However, instead of directly using the Beta distribution's formula, a simple approximation is often
employed to calculate the mean and standard deviation of the task's completion time.

EXPECTED COMPLETION TIME (MEAN):

The components to estimate the anticipated of entirety time (p) is a weighted common of the positive, maximum possibly, and
pessimistic times:

_6a+4-m+b

K 6

Substituting the given values:
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_ a+4m+b _ 10+4(15)+20
6 6

= 15 days

This means that the average or expected time to complete the task, considering both best-case and worst-case scenarios, is 15
days.

STANDARD DEVIATION

The standard deviation (o) gives an estimate of the uncertainty or variability in the task's completion time. It is approximated as:

b-a
o =—
6

Substituting the values:

o=22=219 ¢ 167 days
6 6
This standard deviation of 1.67 days represents the spread or uncertainty in the task's completion time. It indicates how much the

completion time could deviate from the expected value.

Expected completion time (u = 15 days): Based on the estimates, the task is most likely to be completed in 15 days. This value
incorporates the optimistic, most likely, and pessimistic estimates, providing a balanced prediction.

Standard deviation (¢ = 1.67 days): There is some variability in the estimated completion time. The task completion time could
reasonably deviate by about 1.67 days in either direction from the mean. This helps project managers understand the level of
uncertainty associated with the task's timeline.

The PERT method provides a more comprehensive and probabilistic estimate of the task's completion time by considering various
possible outcomes and their likelihood. This helps in better project planning and risk assessment.

EXAMPLE 4

ELECTION POLLING (MODELING VOTER PROPORTION)

In Example 4, the Beta distribution is used to model the proportion of voters supporting a particular candidate (Candidate A) in an
election based on polling data. The process follows a Bayesian approach, where a prior belief is updated with observed data to
provide a posterior distribution.

Scenario: In an election poll, 200 respondents are asked about their voting intentions, and 130 of them indicate that they plan to
vote for Candidate A. The goal is to estimate the proportion of voters supporting Candidate A, accounting for uncertainty.

Prior Distribution: The prior belief about the proportion of voters supporting Candidate A is represented by a Beta(1,1)
distribution, which is equivalent to a uniform prior. This non-informative prior means that before conducting the poll, any
proportion between 0 and 1 is considered equally likely, reflecting no strong prior assumption about Candidate A's support.

Posterior Distribution: After observing the poll results, where 130 out of 200 respondents support Candidate A, the prior
distribution is updated using the polling data to form the posterior distribution. The updated (posterior) distribution for the
proportion of voters supporting Candidate A is:

PA ~ Beta(1 + 130,1 + 200 — 130) = Beta(131,71)

This Beta distribution now reflects both the initial belief (from the prior) and the observed data (from the poll). The first parameter
(131) represents the 130 voters who support Candidate A, plus 1 from the prior. The second parameter (71) represents the 70
voters who do not support Candidate A, plus 1 from the prior.

MEAN VOTER PROPORTION

The mean of the Beta distribution provides the expected proportion of voters supporting Candidate A:

*Corresponding author

Rugaya Shaker Mahmood,

Applied Sciences Department, University of Technology- Iraq, Baghdad, Iraq
e-mail: rugayashaker74@gmail.com

54



Journal of Positive Sciences (JPS) elSSN: 2582-9351, https://positive-sciences.com  Published by: Ve Technology Pvt. Ltd

E[PA] = 131 = 0.648

PAI =131 777 =0

This means that, based on the poll data and the uniform prior, the expected proportion of voters who plan to vote for Candidate A
is approximately 64.8%.

Prior Belief (Beta(1,1)): Before conducting the poll, no strong assumptions were made about Candidate A's support. All possible
values of support (from 0% to 100%) were considered equally likely.

Posterior Distribution (Beta(131,71)): After observing the poll results, the belief about Candidate A's voter support has been
updated. The posterior distribution reflects a stronger belief that the true proportion of voters supporting Candidate A is around
65%, based on the data from the 200 respondents.

Mean Proportion (64.8%): Given the observed data, it is estimated that around 64.8% of the population supports Candidate A.
This value incorporates both the poll results and the initial uncertainty (via the prior).

This approach helps to account for uncertainty in the polling data while updating beliefs in a principled manner. The Bayesian
framework, through the Beta distribution, provides a clearer picture of the likely voter proportion while considering both prior
assumptions and new evidence.

EXAMPLE 5

RELIABILITY TESTING FOR A PRODUCT

In Example 5, the Beta distribution is used to model the probability of a product failure during reliability testing. This example
demonstrates how Bayesian inference can be applied to estimate the failure probability of a product, combining prior beliefs with
observed data.

Scenario: A company conducts reliability testing on a product, performing 50 trials and observing 3 failures. The goal is to
estimate the probability of product failure (denoted as PFP_FPF) based on this data, while accounting for uncertainty.

Prior Distribution: Before the company runs the trials, it uses a Beta(1,1) prior distribution to represent its belief about the failure
probability. A Beta(1,1) distribution is uniform, meaning that any failure probability between 0 and 1 is considered equally likely.
This non-informative prior indicates that the company has no strong pre-existing belief about the failure probability before the
trials.

Posterior Distribution: After observing 3 failures in 50 trials, the company's belief about the failure probability is updated using
the data. The posterior distribution for the failure probability becomes:

PF ~ Beta(1 + 3,1 + 50 — 3) = Beta(4,48)
This updated Beta distribution incorporates both the prior information and the observed data. The first parameter (4) represents the

3 observed failures plus 1 from the prior, while the second parameter (48) represents the 47 non-failures (successful trials) plus 1
from the prior.

MEAN FAILURE PROBABILITY
The mean of the Beta distribution gives the expected failure probability:

E[PF] = =0.0769

4+ 48

This means that, after observing the data, the estimated failure probability for the product is approximately 7.69%.

Prior Belief (Beta(1,1)): Before any trials were conducted, the company assumed that all possible failure probabilities (from 0% to
100%) were equally likely, indicating no strong prior assumption about the product's reliability.

Posterior Distribution (Beta(4,48)): After observing 3 failures in 50 trials, the company's belief about the failure probability is
updated. The posterior distribution represents a stronger belief that the true failure probability is around 7.69%, based on the
combination of prior assumptions and observed data.
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Mean Failure Probability 7.69%: The posterior distribution mean reflects that the company can now expect the product to fail
approximately 7.69% of the time. This now reflects both data from the trials and initial uncertainty.

KEY TAKEAWAY

Bayes' approach provides a principled way of updating the estimate of a product's probability of failure. This approach integrates
prior beliefs and observed data to get a far better estimate of the product's reliability-a matter so significant when it comes to
decision-making in quality control and refinement of products. This gives a failure probability of 7.69%, useful for guiding further
testing and refinement of the product.

CONCLUSION

The following five examples further illustrate the flexibility and strength of the Beta distribution as a powerful modeling tool in
probability and proportions emanating from a wide range of real-world applications. Using a Bayesian framework-one that
incorporates prior beliefs with an update of observed data-offers a holistic approach to decision-making by updating one's
knowledge logically and based on data. Returning to the website conversion rate example, the Beta distribution allowed business
to gauge just how likely it is that a visitor converts. It could contain both prior experience and new data from users. This approach
offers valuable insights from customers into business performance to optimize conversion rates more effectively. In this quality
control example, the Beta distribution modeled the proportion of defective items coming from a batch of products. By integrating
prior assumptions with data from inspections, engineers can better forecast the likelihood of future defects. This is helpful for
achieving higher product quality by minimizing waste and improving the manufacturing process. The PERT analysis example in
project management showed how the Beta distribution was able to model the task completion times. The incorporation of
optimistic estimates, most likely estimates, and pessimistic estimates is indeed useful for the project manager in the prediction of
time a task may take. This leads to efficient resource allocation, delay previsions, and, finally, better risk management in respect
to the execution of projects. The Beta distribution is one way of modeling, through polling data, an estimate of the proportion of
people supporting a candidate. This provides a more overtly probabilistic estimate of voter disposition compared to other methods.
Concomitantly, this enables political campaigns to refine their strategies and predictions with current feedback, thereby increasing
their ability to appeal to the sentiments of the voters. Finally, the product reliability test example showed how the Beta distribution
can be used to model the probability of failure of a product. The integration of prior knowledge with the results of tests is allowed
by the company in order to project the likelihood of the failure of a product more accurately, leading to quality control, product
design, and safety. Beta distribution finds a wide range of applications in many fields. It embeds prior information, updates one's
beliefs with incoming data, and handles uncertainties flexibly. From business to engineering and project management, even to
polling, the application of the Beta distribution enhances decisions and outcomes by offering a balanced probabilistic view from
past experience to current evidence.
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