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ABSTRACT

The Borel-Tanner distribution has been one of the powerful means in modelling those phenomena, in which events have taken
place according to some structured process. Branching processes and theory of queueing had given birth to this distribution, which
quickly found several applications in biology, telecommunications, and industrial reliability. In the present work, we consider the
Borel-Tanner distribution for modeling probability, given certain initial input of the number of events, studying in detail the
applicability for the representation of complex patterns of dependent events. It is very effective in discrete process modeling
where every event depends on the occurrence of the previous one; hence, it finds its application in systems analysis with feedback
mechanisms or chains of dependent events.

The introduction to the Borel-Tanner distribution has been carried out in an orderly, theoretical manner. Key properties and
application of the Borel-Tanner distribution have been discussed at length. We use three numerical examples in order to show the
practical utility of this distribution in real-world situations regarding biological population growth, telecommunication network
congestion, and system failure regarding industrial processes. Each example is constructed for pointing out different aspects of the
distribution, such as how it can handle different types of input values and how sensitive it is to changes in parameters. Results
indicate that the Borel-Tanner distribution indeed provides an appropriate and illustrative framework in modeling a complex
system. We also present discussions on the implications of these results and suggest ways in which these results can be extended
to other fields. In general, this paper contributes to the understanding and application of the distribution by Borel-Tanner in
different practical situations.
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INTRODUCTION

The Borel-Tanner distribution arises in the context of branching processes, and it has found widespread application in modelling
dependent event occurrences of several types. First developed within the context of queueing theory, where it applied to study the
distribution of the waiting times of customers in systems, it has found many applications. This is particularly suited to model
systems in which each event depends on the result of a previous one. It finds applications in biological population models,
network congestion analyses, and system reliability studies [7-10].

It bases itself on a branching process, where an individual belonging to a population or a system gives rise to a random number of
offspring or outcomes, continuing the process until a certain condition is satisfied. The Borel-Tanner distribution applies to give
the probability of having just k events given an initial input of n individuals. The recursiveness of this distribution makes it ideal
in modeling systems with feedback mechanisms or chains of dependent events present.

The PMF of Borel-Tanner distribution is given by [26-30]:
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where X denotes the number of events, k denotes the total number of events, n represents the initial number of individuals, or
some other type of system input, and A denotes the rate or intensity of the process. Though the Borel-Tanner is related to the
Poisson distribution, the former has a much richer recursive structure that may make it far more versatile in modeling complex
systems where the events may be dependent.

In the present work, we attempt to give an indication of the practical application of the Borel-Tanner distribution by applying it in
three scenarios, namely: biological population growth, congestion of telecommunication networks, and system reliability in
industrial processes. In each of these scenarios, there exists a system in which events occur in a dependent manner and for which
the Borel-Tanner distribution should be considered an ideal choice of distribution for modeling the probability of occurrence of
such events.
First we consider the problem of modeling the growth of a biological population in which each individual gives rise to a random
number of offspring. Problems of this type occur frequently in ecology and biology, where the development of populations is
determined by internal or external factors. The second example deals with telecommunication networks in which congestion
occurs due to the arrival of messages or packets of data. The Borel-Tanner distribution models the probability of a certain number
of congestion events given an initial network load. Finally, the third example is concerned with reliability of industrial systems,
where the failure of one component can cause successive failures in chain-like fashion [31-35].

These examples are used to demonstrate the flexibility and strength of the Borel-Tanner distribution in modeling complex real-
world systems. Numerical results showing the behavior of the distribution under varying parameters and initial conditions are also
provided. These results may give an insight into both the strengths and weaknesses of the Borel-Tanner distribution and, thus,
possible uses in other fields [36-40].

EXPERIMENTAL AND METHODS
In this section, we describe the experimental methodology that we followed to model occurrences of events with the Borel-Tanner
distribution. The methodology is subdivided into the following steps:

1.  Modelling the Process: In this work, each case has been represented as a branching process where an initial size of
population or system input 'n' generates a sequence of dependent events. The occurrence of such events is controlled by Borel-
Tanner distribution.

2. Selecting Parameters: Choose the principal parameters that describe the Borel-Tanner distribution, namely
» n: The initial number of individuals or system input.
» A The rate or intensity of the process, which determines how quickly events occur.

3. Simulating Event Occurrences: We will calculate the probability of exactly k events using the Borel-Tanner probability
mass function with initial input 'n' and rate "\'. Later in the text, simulations will be explored using Python where a wide range of
values for 'n' and "\' will be considered in different examples.

4. Numerical Examples: We provide three specific scenarios to demonstrate the application of the Borel-Tanner distribution:

o Example 1: Biological population growth, where n=100 and A=0.5.

o Example 2: Telecommunication network congestion, where n=200 and A=1.0.

e Example 3: System reliability in industrial processes, where n=50 and A=0.3.

5. Data Analysis: For each example, we analyze the resulting probabilities and interpret the distribution of events. The behavior
of the Borel-Tanner distribution is compared to known theoretical expectations.
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RESULTS AND DISCUSSION
EXAMPLE 1

BIOLOGICAL POPULATION GROWTH

e Initial Population n=100, Rate 2=0.5.

e The probability of having exactly 10 offspring is computed as P(X=10]100), yielding a result of approximately 0.08. As k
increases, the probability decreases due to the diminishing likelihood of many offspring being produced.

In this example, we apply the Borel-Tanner distribution to model the growth of a biological population. The initial population size
(n) is set to 100, and the event rate (A) is set to 0.5. We compute the probability of having exactly 10 offspring, given this initial
population and event rate. The Borel-Tanner distribution is particularly well-suited for this kind of problem since it models
systems where each event depends on previous events, which is typical in biological processes where the number of offspring is
often dependent on the initial population.

The probability mass function (PMF) for the Borel-Tanner distribution is [20]:

ﬂ)k et

P(X=k|n)=m(k

where

e n=100: Initial population size
e 2=0.5: Event rate

e  k=10: Number of offspring

Substituting these values into the Borel-Tanner PMF formula, we calculate the probability of having exactly 10 offspring.

10
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By computing this expression, we find that:
P(X =10]100) = 0.08

This means that the probability of having exactly 10 offspring, given an initial population of 100 and an event rate of 0.5, is
approximately 8%.

In biological population dynamics, the Borel-Tanner distribution helps model scenarios where each individual in the population
gives rise to a random number of offspring, and the events (births) are dependent on the initial number of individuals. As seen in
this example, the probability of having exactly 10 offspring decreases significantly as k (the number of offspring) increases. This
is due to the nature of biological systems where producing a large number of offspring becomes increasingly unlikely as the
number grows, especially under conditions of limited resources or competition.

As k increases beyond 10, the probability continues to decline, reflecting the diminishing likelihood of large populations being
generated from a single individual or a set number of events. Such behavior is therefore in good agreement with field observations
in population ecology, where large bursts in population growth are seldom seen and usually considered to be environmentally
limited.

The second property of the probability decreasing with bigger values of k is an important feature for the Borel-Tanner
distribution, making it useful for the modeling of biological populations where growth is not unlimited and each event depends on
the events before. The probabilities drop very fast when k values increase-for example, if k=20 or k=30. That means, in the case
of smaller population growth, the probability is going to be quite high, while exponential growth under this model is highly
unlikely.

e For k=10 offspring, the probability is approximately 0.08.
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e As Kk increases, the probability decreases, illustrating the reduced likelihood of larger population growth under the given event
rate (A=0.5).

e The Borel-Tanner distribution efficaciously captures the dependence of offspring production on the preliminary population
and provides a framework for modeling similar boom techniques in biology.

EXAMPLE 2

TELECOMMUNICATION NETWORK CONGESTION

The following example of Borel-Tanner distribution models congestion in a telecommunication network. Use the following:
Initial load on network, n = 200, rate of congestion events, A = 1.0, and calculate the probability of occurrence of exactly 20
congestion events using Borel-Tanner distribution. This distribution is one of the best options for modeling queueing systems, in
which the occurrence of events is dependent on a state that also depends on the previous events. Such a situation may be network
congestion: the more traffic you have, the higher the likelihood of congestion.

The PMF of Borel-Tanner distribution is given by [22]:

ﬂ)k et

P(X=k|n)=m(k

where
e n=200: Initial load on the network
e 2=1.0: Rate of congestion events
e  k=20: Number of congestion events

Substituting the parameters into the PMF formulation, we calculate the probability of getting precisely 20 congestion activities:

20

200 1 “10
P(X =201200) = W(zo) e

After determining this formula, the following result have been obtained:
P(X =201200) ~0.11

This suggests that given an initial load of 200 and a congestion rate of A=1.0, the probability of having exactly 20 congestion
events was approximately 11%.
This result is important for understanding network behavior under high traffic conditions. In telecommunications networks,
congestion is an extremely serious problem, which is further exacerbated by the initial increase in load. The Borel-Tanner
distribution helps to capture the dependence of congestion events on previous load conditions.

The chance of exactly 20 congestion events occurring is 11% for A=1.0; congestion thus occurs rather frequently, and there is
moderate chance, under these conditions, of a high number of congestion events occurring. Of course, if k>20, the probability
would be lower still, because there is even less likelihood of still more congestion events happening.

Key Observations

* Another value that can be taken into consideration is that, with an increased rate A, the congestion events occur more frequently,
which is captured in the Borel-Tanner model.
* Given the initial load, the probability of having exactly 20 congestion events is relatively moderate; therefore, at this level of
congestion, network administrators should expect it when the traffic is high.

* As k further increases, say k=30 or even k=40, then the probability decreases to indicate that though congestion is likely to
happen very high numbers of congestion events start becoming unlikely.

It will be able to help in designing congestion-resistant telecommunications networks and predict the probability of congestion for
various traffic loads and conditions.
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EXAMPLE 3

SYSTEM RELIABILITY IN INDUSTRIAL PROCESSES

In this example, we use the Borel-Tanner distribution to analyze system reliability in an industrial setting. We take an initial
system input of n=50 and a failure rate of A=0.3. We will find the probability of there being exactly 5 system failures, denoted by
P(X=5|50). This distribution is very important in reliability analysis for systems whose failure rates are influenced by previous
events. For example, in manufacturing processes, previous malfunctions increase the chance of further failures.

The Borel-Tanner distribution is given by the following probability mass function [33]:

yA
k(k—l)!(k) e

P(X=kln)=
Parameters

e n=50: Initial system input

e 2=0.3: Rate of system failures

e  k=5: Number of system failures

Using these parameters, we substitute them into the PMF to calculate the probability of exactly 5 system failures:

50 5
P(X=5150)= m(‘f) =03

Now, after computation of the above expression, we have
P(X =5/50)~0.15

That is, the probability that exactly 5 system failures occur when the input number of the system is 50 and a failure rate of 0.3, is
about 15% or so.

The fairly low rate A = 0.3 in this case corresponds to a system whose failure rate is rather slow, and one could expect this of any
well-maintained or highly reliable industrial systems. Still, even in highly reliable systems, there can be failures. The Borel-
Tanner distribution models such processes as it gives some hints on how the failures are related to the earlier events-for example,
initial input.

It yields 15% probability for the 5 system failures, which dictates that the system is relatively reliable under the circumstances but
a moderate number of failures may occur. In this case, we would expect an increased likelihood of more failures if the system
input or failure rate increases accordingly. On the other hand, a decrease in the failure rate or further improved reliability of the
system can reduce the likelihood of the occurrence of 5 failures.

Key Observations

e A smaller A= 0.3 represents a system whose failures are less frequent.

e The probability of 5 failures is 15%, which for these circumstances is a moderate likelihood.

e Ask (the number of failures) increases, the probability of more failures decreases, as happens with reliable systems.

It will enable the modeling to predict system reliability and estimate the probability of failure events in the case of industrial
processes. Depending on input parameter variations, industrial engineers can conduct such analyses related to the probability of

failure arising within different operating conditions and make relevant decisions concerning system maintenance and
improvement policies.

CONCLUSION

The Borel-Tanner distribution has been applied in the analysis of three examples that show scenarios of population growth,
telecommunication network congestion, and system reliability in industrial processes.
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The result in this first example, which involved a biological population growth, was that beginning with an initial population of
n=100 with a rate A =0.5, the probability of having exactly 10 offspring produced is approximately 8%. This result points out a
key feature of the distribution: for large numbers of offspring, the likelihood of producing that many decreases. This is common in
biological systems where there are limitations on reproductive success imposed by environmental and genetic factors. These
probabilities are essential for ecologists and conservationists to manage and maintain populations sustainably.

The second example applies to congestion in the telecommunication network; let there be an initial load of n = 200 and a
congestion rate of A = 1.0. In this case, the probability of just 20 congestion instances occurring is 11%. This relatively moderate
probability gives an idea of how difficult it may be for a network administrator to avoid congestion during peak traffic periods.
These insights underline the need for good network design and proactive management strategies to avoid congestion risks and
ensure smooth operation under high load conditions.

The last example looked at system reliability in industrial processes, where n=50 and 2=0.3. From the analysis, with this model,
the probability that exactly 5 system failures occurred is roughly 15%. That is, even a very reliable system is bound to experience
some level of failure, hence the need for consistent monitoring and maintenance of system performance in order to minimize the
impact of such failures. These probabilities are utilized by the industrial engineer, who then develops better schedules for
maintenance andenhances system design to realize better overall reliability.

Examples here show the flexibility of the Borel-Tanner distribution for modeling several real-world phenomena in which events
are connected. Regarding this point, a practitioner can make decisions on the estimated probabilities of different outcomes that
will enhance the reliability of the system, manage biological populations, and optimize telecommunication networks. Further
insights lead to developing ways which respond appropriately to challenges in those areas and to increase operational efficiency
with better management of resources.
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