
Journal of Positive Sciences (JPS), Issue (21), Volume (2023)                                                                    Manuscript ID: ASP75985 

1 
 

Application of Spatial Error Model For Ordinary And Fuzzy Data With Comparison   
Dalia Badee Omar 

Department of Statistics Sciences, College of Administration & Economic, Kirkuk University, Iraq 
dalia.badee@uokirkuk.edu.iq 

 

Abstract  

In this paper, an application of spatial data (ordinary & fuzzy) 

was studied by using a spatial regression model, which is the 

spatial error model (SEM), data used are 38 location for 

several Iraqi cities. In this study estimated parameter’s model 

by ordinary least squares OLS and  maximum likelihood 

MLE method  for (ordinary and fuzzy data) then applied 

Simulation method  to ensure the performance of the methods 

for estimating the model that used in our study, accordingly a 

program was designed in Matlab language , included the 

generation of data with different sample sizes  (n =50, 100) 

default values for the parameters model, the spatial 

dependence parameter and a spatial weights matrix was used 

according  the Rook Contiguity. After repeating the 

experiment 1000 times and comparison through statistical 

criteria (RMSE) the simulation results showed that the spatial 

error model for fuzzy data is better than the spatial error 

model for ordinary data. 

Keywords: Spatial Error Model, Spatial data, Trapezoidal 

Fuzzy Number, Fuzzy spatial error model. 

1 INTRODUCTION 

 
The use of spatial econometrics was in the late 1971 by the 

researchers paelinck J.H. and Klaassen L. H. and it represents 

a scientific method for analyzing economic spatial series [1]. 

The analysis of spatial data has attracted a great interest in 

researches since the adoption of spatial in standard models, 

where the researchers put econometric a number of spatial 

models that are concerned with the processes of spatial 

analysis of data and its applications in a large number of uses 

and these spatial models are also concerned with the study of 

spatial effects between observations of the studied 

phenomena such as Economic, agricultural, service, health, 

etc. If the spatial dependence is not taken into account, this 

contradicts the assumptions of classic econometrics, which 

leads to biased and inconsistent estimations [2]. Therefore, 

spatial effects have an impact on the econometric model, 

which is called spatial econometric [3]. Spatial analysis, 

commonly referred to as geospatial data science is a 

geographical solution that combines data science with 

geographic solutions like geographic information systems 

(GIS) used in this paper to appear the Proximity relationship 

between regions [4]. This location is areas neighbor by 

limited or two areas connected a point. To test spatial 

autocorrelation in this study a researcher selected   moran’s 

test for spatial error autocorrelation model [5]. In statistics 

this tool is a measure of spatial autocorrelation depends for 

regression model. The aim of this research is to estimate the 

spatial error model, which suffers from the problem of 

correlation of errors for ordinary data and fuzzy data, then 

compare them using statistical comparison criteria to chosen 

the best model. 

2 SPATIAL DATA  
Spatial data have characteristics, they contain attribute and 

locational information, spatial relationships are modeled with 

spatial weight matrix (W). The spatially data is characterized 

by spatial dependence between the observations of the data at 

different points, the observations are close to each other, it 

has a greater degree of spatial dependence than those far from 

the center, that is the strength of the spatial dependence 

between the observations decreases with the distance between 

them, and ignoring the spatial dependence may lead to the 

weakness of statistical methods for analyzing spatial data [6]. 

2.1 Spatial autoregressive error model 

(SEM) 
The spatial regression model (SEM) is a special case of 

regression as the disturbances show spatial dependence, 

which is one of the problems in this model in the sense that 

the error limit is not independent, and it differs from the 

traditional model that assumes the independence of errors [7].  
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The spatial dependence of errors contradicts one of the basic 

assumptions of estimations in traditional econometrics which 

is the independence of error. In the case of neglecting the 

spatial dependence of errors, then the estimates and tests will 

be inefficient, meaning that the statistical analysis of a model 

is incorrect, so the spatial error model is appropriate when 

using spatial data to process The effects of spatial 

autocorrelation of errors, an SEM model is specified as:  

Y = X𝛽 + u    (1) 

u = 𝜌W u + e 

where:        

e ~ N(0, 𝜎%𝐼' ) 

The formula can be written as follows: 

Y = X𝛽 + (𝐼' − 𝜌W	)-. e   (2) 

Y: is a vector (1× 𝑛)	 dependent variable. 

𝑋: matrix (n× 𝑘) which is the independent variable. 

𝜌: parameter of spatial Regression. 

W: is the spatial weights matrix(n× 𝑛). 

𝛽: is a vector( n × 1) Parameters to be estimated. 

u: vector (1× 𝑛)	 spatial error correlation. 

e: is the vector (1 × n) for error term. 

The spatial autocorrelation depends on the idea of bilateral 

contiguousness between the observations, so if there are two 

spatial units that have the same common boundaries of non-

zero length, then they are considered contiguous and have a 

value (1), if it has not a  common border then they are non-

contiguous and have a value (0), according to the Rook 

Contiguity criterion. and thus it is possible to find the spatial 

adjacency matrix, which is known as the spatial weights 

matrix (W) that most commonly used based on geographic 

arrangement of the observations or contiguity. The spatial 

weights matrix can be also based on distance [8][9]. In this 

paper, we rely on Row-Standardized Weight Matrix , where 

the sum of each row in this adjust matrix is equal to one, as 

follow: 

𝑤6789:  = ;
<=>

∑ <=>@
=AB

		if				i				neighbor			j								0	 < 	𝑤6789: ≤ 1

0															𝑖𝑓																											𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒				
X   (3) 

2.2 Estimation methods 
In this study, the parameters of the spatial error model for 

ordinary data were estimated by: 

2.2.1 Maximum likelihood method (SEM) Model 

The greatest possibility method was used, which gives the 

best estimate among several estimates of the model 

parameters . In the spatial error model, the concern is 

parameter 𝝆, which is a coefficient that shows the correlation 

between the residuals, and the concentrated likelihood 

function for this model is as follows [10]. 

Ln L(𝛽, 𝜌, 𝜎%) = -'
%
 Ln(2𝜋) −	'

%
Ln 𝜎% + 𝐿𝑛| I – 𝜌𝑊| −

.
%`a

[(𝑌 - X𝛽)	′ (I – 𝜌𝑊)′ (I – 𝜌𝑊)(𝑌 - X𝛽)]        (4)                                                

We find the derivative of equation (4) with respect to β and 

𝜎% equating it to zero we get: 

𝑏gh= [𝑋′(I	– 	𝜌𝑊)k(I	– 	𝜌𝑊)𝑋]-.𝑋′(I	– 	𝜌𝑊)k(I	– 	𝜌𝑊) 𝑌] 

𝑒 = [((I	– 	𝜌𝑊) 𝑌)- ((I	– 	𝜌𝑊) 𝑋)	𝑏gh](5) 

	σ2op= qkq
r

    (6) 

Ord suggested in 1975 that the determinant can be calculated 

as in below: 

|	I	– 	𝜌𝑊 |= ∏ (1 − 	𝜌𝑤6)'
6t.  

𝐿'	(1 − 	𝜌𝑤6)=	∑ 𝐿'	(1 − 	𝜌𝑤6)'
6t.  

After estimating the parameters of the model by eigen values 

for weights matrix and substituting the estimators into the 

concentrated likelihood function which contains one 

parameter (𝜌), as	follows: 

𝐿z= -'
%
	[𝐞k𝐞
'
] +	∑ 𝐿'	(1 − 	𝜌𝑤6)'

6t.   (7) 

2.2.2 Fuzzy sets 

It is the group whose elements have a degree of affiliation or 

a membership degree and are real numbers within the closed 

interval [0,1]. The degree of membership is expresses by the 

affiliation function or the membership function, which 
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represents the degree of belonging of the variable x to the 

fuzzy group and is written in the following form: 

𝑨 = ~�𝒙	, 𝝁𝑨(𝒙)� ∶ 𝒙 ∈ 𝑿			 ∶ 		 𝝁𝑨(𝒙) ∶ 𝑿 → [𝟎, 𝟏]� 

            

If it is in an intermittently state, it will be as follows: 

𝑨 = ∑ 𝝁𝑨(𝒙𝒊)
𝒙𝒊

𝒏
𝒊t𝟏 = 𝝁𝑨(𝒙𝟏)

𝒙𝟏
+ 𝝁𝑨(𝒙𝟐)

𝒙𝟐
+. . . …+ 𝝁𝑨(𝒙𝒏)

𝒙𝒏
        (8) 

If it a continuous state, it is written as follows:  

𝑨 = �	∫ 𝝁𝑨(𝒙)
𝒙
�                                                                     (9) 

2.2.3 Trapezoidal Fuzzy Number 

The fuzzy subset A in the universal set X is called the 

trapezoidal fuzzy number which is expressed in the form 

A=(a,b,c,d) where a< b < c <d if it has an affiliation function 

as follows,( Wang et 2006) ( Alavala,2008 ): 

𝜇�(𝑥) =

⎣
⎢
⎢
⎢
⎢
⎡
�-�
�-�

									𝑖𝑓				𝑎 ≤ 𝑥 ≤ 𝑏
					1										𝑖𝑓					𝑏 ≤ 𝑥 ≤ 𝑐		
		:-�
:-z

					𝑖𝑓					𝑐 ≤ 𝑥 ≤ 𝑑
0																			𝑜𝑡ℎ𝑒𝑟	𝑤𝑖𝑠𝑒

			 ⎦
⎥
⎥
⎥
⎥
⎤

   (10) 

 

 

3 FUZZYFICATION OF DATA 
In this study, fuzzy trapezoidal data was used, a spatial error 

model was formulated for this data and the parameters of this 

model were estimated by two method [11]. 

3.1 Fuzzy spatial regression error model 

(FSEM) 
The parameter of fuzzy spatial error model 𝜌 ≠ 0  we get 

model as follow: 

𝑦z = 𝑧zB + 𝑢z      

|	𝜌| 	< 1   (11) 

𝑢z= 𝜌𝑊𝑢z +	𝑒z                            

Where:	𝑒z~𝑁(	0, 𝜎∈'%  𝐼' )       

then: 

u¦= (	I	 − 	ρW)	-.		e¦ 

As follow: 

𝑦z = 𝑧zB + (	I	 − 	ρW)	-.		e¦  (12) 

Where: 

𝑦z: is (1× p)	vector which is the Centroid of the fuzzy number 

trapezoidal of the dependent variable. 

𝑧z: matrix (k× 𝑛) which is the Centroid of the fuzzy number 

trapezoidal of the independent variable. 

I: Identity matrix (n× 𝑛). 

𝜌: parameter of spatial regression 

W: is the spatial weights matrix(n× 𝑛). 

𝛽: is a vector( 1 × n) Parameter to be estimated. 

e¦: is the vector (1 × p) for error term. 

We notice in this model that when 𝜌 = 0 there is no spatial 

correlation between the errors of the adjacent observations 

and this means that we get the normal fuzzy regression model, 

and if 𝜌 is not equal to zero, we get a model with a fuzzy 

spatial correlation between the errors of the adjacent 

observations[13]. Estimation methods for fuzzy (FSEM) 

Model: This model estimated by two method [12].  

3.2 Ordinary Least Square (OLS) for 

(FSEM) 
When we use OLS method to estimate parameters (defined 

by the formula 11) we will assume that the parameter is 

known and estimated in advance [13]. 

𝑦z = 𝑧zB + 𝑢z 

𝑢z= (	I	 − 	ρW)	-.		e¦ = 𝐵-.e¦ 

			𝑦z = 𝑧zB + 𝐵-.e¦ 

			e¦= 𝑦zB - B𝑧zB   (13) 

e¦′e¦= (B’𝑦z’- 𝛽′𝑧z𝐵′)(𝑦zB - B𝑧z𝛽) = 𝑦z𝐵𝐵𝑦zk −

2𝑦zk𝐵k𝐵𝑧z𝛽 + 	𝛽′𝑧z′𝐵′𝐵𝑧z𝛽 

By making the derivation with respect to (𝛽 ) and equal to 

zero, we get: 
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𝛽ª=	(𝑧zk (𝐵k𝐵)𝑧z)-. 𝑦zk(𝐵k𝐵)	𝑧z   (14) 

Where (𝐵k𝐵)= V 

𝛽ª= 	(𝑧zk𝑉𝑧z)-. 𝑦zk𝑉	𝑧z  

The variance as follows: 

𝜎%= (¬­®	-	®¯­°
±)k	((¬­®	-	®¯­°±)
'-²

  (15) 

3.3 Maximum likelihood for (FSEM) 
In the spatial error model, the focus is on the parameter 𝝆 as 

it shows the amount of correlation between fuzzy errors and 

the model is estimated by the MLE method as follows: 

𝑦z = 𝑧zB + 𝑢z 

𝑢z= 𝜌𝑊𝑢z +	𝑒z 

𝑦z = 𝑧zB + 𝜌𝑊𝑢z +	𝑒z 

And compensate for the error value in the likelihood function: 

L(𝛽, 𝜌, 𝜎%	/	𝑦z	, 𝑧z) = .

(%´`a)
@
a
 |I – 𝜌𝑊|exp[- .

%`a
 e’(I – 𝜌𝑊)′ 

(I – 𝜌𝑊)𝑒′]    (16) 

Ln L= -'
%
 Ln(2𝜋) −	'

%
Ln 𝜎% + 𝐿𝑛| I – 𝜌𝑊| − .

%`a
[(𝑦z - 𝑧zB)’ 

(I – 𝜌𝑊)′ (I – 𝜌𝑊) (𝑦z - 𝑧zB)] 

We find the derivative of equation () with respect to β and 𝜎% 

equating it to zero we get: 

𝑦z∗ = (I – 𝜌𝑊)	𝑦z  , 𝑧z∗	= (I – 𝜌𝑊)	𝑍z  

	β·op¸= (z′¦
∗	z¦∗	)-.z′¦

∗	y¦∗    (17) 

When putting equation () in equation () we get: 

𝛽ªgh» = [𝑧kz(I	– 	𝜌𝑊)k(I	– 	𝜌𝑊)𝑧z]-.𝑧kz(I	– 	𝜌𝑊)k(I	– 	𝜌𝑊) 

𝑦z] 

𝐞𝐜= 𝑦z – 𝑧z𝛽ªgh» 

	𝜎%gh»= qk½q½
'

     (18) 

After substituting the value of 𝛽ªgh» and 	𝜎%gh» into the 

likelihood function, we get 

𝐿z= -'
%
 Ln[.

%
 𝐞′𝐜(I	– 	𝜌𝑊)k(I	– 	𝜌𝑊)𝐞𝐜] + 𝐿𝑛| I – 𝜌𝑊|       (19) 

By using the iterative method for concentrated likelihood 

function ,we can obtained (𝜌) value. 

4 MODEL FITTING 
The spatial autocorrelation patterns of (SEM) model for 

ordinary data and fuzzy data were compared using statistics 

coefficient of root mean square error. Root Mean Squares 

Error (RMSE): It measures the average difference between 

values predicted by a predictive model and the actual values. 

It has widely been used for evaluating the accuracy of a 

prediction. The smaller value of criterion is the best model.  

The formula for calculating this criterion is: 

        RMSE = ¾
∑ (	¬=-¬¿=)a@
=AB
'-²-.

  (20) 

 

5 EXPERIMENTAL PART 
Simulation can be considered a way to check the performance 

of the theoretical method before using it with the ordinary 

data. In this paper the implementation of simulation 

experiments includes for spatial regression error model, as 

they are executed as follows: 

The experiment was repeated (R= 1000) times after 

determining the different sample sizes (n=50,100) and 

assuming values for the spatial dependence parameter (𝜌 = 

0.8). Generating the variables represented by the random 

error limit and the independent variable (X, e) which are 

distributed as follows: 

 X~𝐍(𝟎, 𝝈 𝟐 ) , e ~𝐍(𝟎, 𝟏), where 𝝈  ( 6.5)  

Generating initial value of parameters (𝜷𝟎=6.370, 𝜷𝟏=0.113, 

𝜷𝟐= 0.632, 𝜷𝟑 =0.202).  

Generating Row- Standard Weight Matrix, according to the 

Rook Contiguity. After generating the independent variable 

and the random error variable and Row-standardized weight 

matrix and determining the values of the spatial parameter 

(𝜌), they are compensated in spatial regression model in order 

to obtain the dependent variable (Y). Comparison the SEM, 

FSEM spatial regression model for ordinary and fuzzy data, 

according to comparison criteria (RMSE). 
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Figure 1: show the neighbor areas of the region.   

The tables (1,2) show the results from SEM model that 

estimate by MLE method for different samples and the spatial 

dependence parameter (𝜌)= 0.8. 

 

Table 1: estimation method for (SEM) Model. 

 

 

𝜷 

n=50 RMSE 

6.718 0.611 0.472 0.625 0.4673 

 

Table 2: estimation method for (SEM) Model 

 

 

𝜷 

n=100 RMSE 

6.033 0.431 0.505 0.187 0.3532 

 

These two tables show the results for (SEM) model 

estimation by maximum likelihood method ,in table (2) the 

RMSE value is less than RMSE value in table (1) this mean 

that the sample size has an effect, when the sample size larger 

the model be best. As for the fuzzy data ,Simulation method 

was used to generate random samples of spatial error 

regression model with different sizes(n=50, 100) and the 

number of independent variables is three. Then these 

samples(data) were fuzzed by trapezoidal fuzzy number type, 

according the Chen method  with the existence of a function 

of belonging to each of the independent and dependent 

variables, the Maximum Likelihood method and the Ordinary 

Least Square method were used to estimate the parameters of 

the studied model, a comparison was made between the 

estimation methods at different sample sizes and the root 

mean square error criterion was adopted (RMSE) . 

 

Table 3: estimation method for (FSEM) model 

 

N 

OLS MLE 

𝜌 RMSE 𝜌 RMSE 

50 -0.1483 0.3127 -0.2673 0.2198 

100 -0.9745 0.2374 -0.6201 0.2377 

 

In Table (3) show the (FSEM) model that contain three 

independent variable that the result of RMSE in MLE method 

less than the RMSE in ordinary lease square ,that’s mean the 

best method for estimating is MLE in this model for fuzzy 

data in different sample sizes. 

6 CONCLUSIONS 
If we compare the results SEM model for the ordinary data 

and FSEM for the fuzzy data that estimated by  MLE method 

, we notice that the RMSE for different sample  size is less in 

(FSEM) model for fuzzy data than the RMSE for (SEM) 

model for ordinary data, that’s mean the best model estimated 

by the MLE method is FSEM for fuzzy data .we recommend  

the ordinary data can be fuzzed into triangular fuzzy number  

compared with fuzzy data of the trapezoidal fuzzy number 

type . As for the spatial dependence parameter (𝜌) in FSEM 

model , the table(3) shows the correlation strength is stronger 

when the sample size is 50 but when the sample size is larger 

the value of (𝜌) decreases. The strength relationship between 

the observations decreases as we moved away from the 

center.   
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