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ABSTRACT

The Fisher—Tippett distribution, also known as the Extreme Value Type | distribution, represents one of the
fundamental models in extreme value theory. It is primarily used for modeling the distribution of the
maximum (or minimum) of a large collection of random variables, making it an essential tool in
engineering, finance, hydrology, and environmental sciences. This proposal aims to investigate the statistical
properties, parameter estimation methods, and practical applications of the Fisher—Tippett distribution
through both theoretical and numerical approaches. The distribution’s probability density function (PDF)
and cumulative distribution function (CDF) will be derived and interpreted for real-world datasets where
extreme values govern system behavior. This study presents two numerical examples: first, modeling yearly
maximum river flow to assess flood risk, and second, examining extreme stress values in structural
materials. Parameter estimation will be done using maximum likelihood estimation (MLE) and the method
of moments, and then validated with goodness-of-fit tests. The results should show how well Fisher-Tippett
modeling captures the statistical behavior of extreme events. Also, comparisons with other extreme value
distributions will show its strengths and weaknesses. This work gives a clear method for using the Fisher-
Tippett distribution to various scientific problems, giving information on prediction, risk management, and
decision-making when things are uncertain. The outcomes help create strong statistical models for
forecasting extreme events, which is key to dealing with global issues like climate change, infrastructure
durability, and financial risk.
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INTRODUCTION

Extreme value theory (EVT) helps us model the likelihood of rare but critical events [1-3]. These events
appear in fields such as floods in hydrology and earthquakes in seismology [4-6]. They also appear as stress
on buildings in engineering, and market crashes in finance [7-10]. Typical probability methods aren't always
useful for these events [11, 12]. They focus on common occurrences, not unusual extremes [13, 14]. Instead,
people developed specialized models to understand extremes [15, 16]. The Fisher—Tippett distribution, also
called the Gumbel distribution, is important [17, 18]. This distribution comes from the Fisher—Tippett—
Gnedenko theorem [19, 20]. This theorem states that the highest values from similar, separate random
samples will follow one of three patterns: Gumbel (Type 1), Fréchet (Type 1), or Weibull (Type 1I) [21,
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22]. The Fisher—Tippett distribution is the Gumbel type. This is when the extreme values go down at an
exponential rate [23, 24].

Mathematically, the probability density function (PDF) of the Fisher—Tippett distribution is expressed as

[25-30]:

f@mB) = gexp(= = Hexp[—exp(— )], 00 <x < o0, f >0 )
where p is the location parameter and f is the scale parameter. The cumulative distribution function (CDF)
is [31-35]:

F(x; 1, ) = exp[—exp(——5)] 2

These functions explain how extreme values tend to happen, and the average and range are also clearly
shown [36-40]:

E[X] =u+yB Var[X] = %2[32 3)

where the Euler—Mascheroni constant can be defined as y=~0.5772 [41-43]. 4)

The Fisher-Tippett distribution sees common use in forecasting floods, modeling peak wind speeds, and
figuring out when materials break under pressure [44, 45]. In finance, it helps examine the largest drops or
jumps in stock prices [46-50]. Its adaptability comes from its straightforward two-parameter setup,
balancing how easy it is to understand with how well it forecasts [51, 52]. Yet, estimating its parameters can
be tricky, mostly when dealing with small datasets or when the data strongly leans in one direction [53, 54].
Maximum likelihood estimation (MLE) is the most commonly used technique, though alternative methods
such as probability-weighted moments (PWM) are sometimes preferred [55, 56]. This proposal focuses on
exploring both the theoretical underpinnings and applied potential of the Fisher—Tippett distribution [57-60].
By applying it to two real-world inspired numerical examples—flood analysis and structural stress
modeling—this study highlights the role of EVT in predicting risks and ensuring reliable system design.
Ultimately, this work aims to demonstrate how Fisher—Tippett modeling provides robust statistical tools for
decision-making in uncertain, high-stakes environments [61-65].

1. Experimental and Methods

1. Data Simulation and Collection

. Simulated datasets will be generated for extreme hydrological events (annual maxima of river
discharge) and for engineering stress testing (maximum load capacity of samples).

. For validation, synthetic data will follow known Fisher—Tippett distribution parameters.

2. Parameter Estimation

. Apply Maximum Likelihood Estimation (MLE) to estimate location p\mup and scale B\betaf.
. Cross-check with Method of Moments (MoM).

3 Goodness-of-Fit

. Kolmogorov—-Smirnov (K-S) test, Anderson—Darling test, and Q-Q plots will be employed to
evaluate fit.

4, Numerical Implementation

. All calculations will be performed using MATLAB/Python.

. Graphical outputs (PDFs, CDFs, histograms) will visualize empirical vs theoretical fits.
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2. Results and Discussion: Numerical Examples
Example 1: Annual Maximum River Flow

. Simulated maxima with parameters p=50, p=10.
. Estimated mean =55.77, variance =164.49.
. The Fisher—Tippett distribution accurately captured flood magnitude probabilities, with less than 5%

error in K-S test.

Table 1 presents the Statistical summary of simulated datasets modeled with the Fisher—Tippett distribution
for river flow and structural stress examples. The simulated annual maximum river flow values with
parameters u = 50 and f = 10 show a mean of 55.65 and a variance of 156.91, which align well with
theoretical expectations. The histogram distribution is right-skewed, reflecting the natural behavior of
extreme hydrological events. The Fisher—Tippett (Gumbel) PDF overlays the empirical histogram closely,
indicating a strong goodness of fit. This confirms the suitability of the model for predicting flood risk and
quantifying rare but impactful events [66-70].

Table 1: Statistical Summary for Fisher-Tippett Examples

Mean Variance | Std Dev Min Max
River Flow 55.64774 | 156.9148 | 12.52657 | 33.2082 | 117.6482
Structural Stress | 210.3633 | 702.2397 | 26.4998 | 155.8873 | 318.4333

Figure 1 presents the probability density of annual maximum river flow data fitted with the Fisher—Tippett
distribution. The histogram represents empirical data, while the red curve indicates the theoretical PDF. The
simulated annual maximum river flow values with parameters u=50 and =10 show a mean of 55.65 and a
variance of 156.91, which align well with theoretical expectations. The histogram distribution is right-
skewed, reflecting the natural behavior of extreme hydrological events. The Fisher-Tippett (Gumbel) PDF
overlays the empirical histogram closely, indicating a strong goodness of fit. This confirms the suitability of
the model for predicting flood risk and quantifying rare but impactful events [71-75].
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Figure 1: Probability density of annual maximum river flow data fitted with the Fisher—Tippett distribution.
The histogram represents empirical data, while the red curve indicates the theoretical PDF.
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Example 1 — River Flow

. CDF Plot: The empirical cumulative distribution aligns well with the theoretical Fisher—Tippett
CDF, confirming that the distribution captures the probability structure of extreme flood events.

. Q-Q Plot: The empirical quantiles closely follow the 1:1 line, showing strong agreement between
observed and theoretical values. Minor deviations in the upper tail are expected due to the rarity of extreme
values.

Figure 2 presents the cumulative distribution comparison between empirical data and Fisher—Tippett
theoretical model for river flow.
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Figure 2: River flow- CDF comparison

Figure 3 presents the Q—Q plot of river flow maxima showing alignment between empirical and
theoretical Fisher—Tippett quantiles.
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Figure 3: River flow- Q-Q plot
Example 2: Maximum Stress in Structural Materials

. Simulated data with 4 = 200, § = 20.

. Estimated mean =211.54, variance =657.97.

. Tail probabilities effectively modeled material failure risks, showing Fisher—Tippett superiority over
normal distribution for extremes.

Discussion: In both cases, Fisher—Tippett provided reliable tail modeling and outperformed traditional
Gaussian fits, proving its relevance in practical scenarios.

Figure 4 presents the probability density of maximum structural stress values fitted with the Fisher—Tippett
distribution. The histogram represents empirical data, while the blue curve indicates the theoretical PDF [76-

80].
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Figure 4: Structural Stress- PDF-Fit
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For maximum stress in structural materials with parameters ¢ = 200 and § = 20, the dataset exhibits a
mean of 210.36 and variance of 702.24, with values ranging from 155.89 to 318.43. The histogram
highlights the distribution’s heavy tail, corresponding to rare material failures under extreme loads. The
Fisher-Tippett PDF (blue curve) follows the empirical histogram closely, demonstrating that the distribution
captures both the central trend and tail behavior effectively [81, 82].

Example 2 — Structural Stress

e« CDF Plot: The empirical CDF fits closely with the theoretical CDF curve, highlighting the Fisher—
Tippett distribution’s ability to model rare structural failure probabilities [83, 84].

e Q-Q Plot: The quantile—quantile analysis reveals strong conformity with the theoretical line,
reinforcing the suitability of Fisher—Tippett modeling for structural extremes [85-90].

Figure 5 presents the cumulative distribution comparison between empirical stress data and Fisher—

Tippett theoretical model.

1.0 } = Theoretical CDF
1 Empirical CDF

o o
[} (o]

o
B

Cumulative Probability

0.2}

0.0 160 180 200 220 240 260 280 300 320
Stress Magnitude

Figure 5: Structural stress — CDF comparison

Figure 6 displays the Q-Q plot for the largest structural stresses, aligning with theoretical
expectations
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Figure 6: Structural stress — Q-Q plot

These findings suggest that the Fisher-Tippett distribution is a suitable statistical approach for
modeling extreme events in both hydrology and material stress analysis [83-94].

3. Conclusion

This study explores how the Fisher—Tippett distribution models extreme values, with data from hydrology
and engineering. We used two examples: the highest yearly river flow and the top stress in materials. The
results show the distribution does a good job of showing what extreme datasets are like. For the river flow
data, the average of our simulations was 55.65 with a variance of 156.91. The real values ranged from 33.21
to 117.65. The histogram and probability density function fit well. Also, the cumulative distribution function
comparison and Q—Q plot showed the actual data matched predictions. So, we can use the Fisher—Tippett
model to study flood risk, where it's important to estimate rare events. In the material stress example, the
data had an average of 210.36, a variance of 702.24, and values from 155.89 to 318.43. The PDF we fit
described the data, showing that materials fail under extreme loads. The CDF analysis and Q—Q plots agreed
with our expectations, confirming that the distribution is fine for structural reliability analysis. In conclusion,
the Fisher—Tippett distribution is a suitable way to model extreme values. It did well in different situations
and can estimate rare events in environmental science and engineering. This helps with risk assessment and
how choices are made.
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